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I.  PURPOSE  OF  CONTRACT 


An  engineering  research  study  on  novel  electromagnetic  waveguides, 
antennas,  filters  and  related  devices  is  to  be  carried  out  to  supplement 
in-house  research.  Work  on  surface  waves,  antennas  based  on  surface 
waves,  and  microwave  branching  filters  is  to  be  continued  when  special 
problems  arise.  Special  emphat'is  will  be  placed  on  studies  concerning 
the  beam  waveguide  and  beam  waveguide  resonator.  The  program  is  to  give 
special  considerations  to  problems  and  structures  which  are  important 
from  the  viewpoint  of  practical  military  application. 

It  is  contemplated  that  this  program  will  include  the  following 
subjects: 

a.  The  determination  of  circuit  properties  of  beam  waveguide 
resonators . 

b.  A  study  of  the  coupling  problem  between  beam  waveguide 
resonators  and  conventional  waveguides. 

c.  Investigation  of  antennas  based  on  the  beam  waveguide. 

d.  Frequency  stabilization  with  beam  waveguide  resonators. 

e.  Other  problems  related  to  the  above  which  are  agreed  to  by 
the  contractor  and  contracting  officer's  representative. 


II  ABSTRACT 


The  research  work  that  waa  carried  out  wider  this  contract  was  a 
continuation  of,  but  over  and  beyond,  the  studies  made  under  Contract  No. 
DA-26-Q39-sc-85188.  This  final  report  covers  ths  period  froa  September  1, 
1V64  to  January  31,  1969.  During  this  period  three  distinct  studies  were 
carried  out.  Tvo  of  these  studies  dealt  with  topics  closely  related  to 
the  bean  waveguide.  The  third  study  was  a  separate  one  and  was  concerned 
with  the  theory  and  design  of  a  new  type  of  filter  called  a  cut-off  coupled 
Microwave  filter. 

Part  1  of  the  report  describes  the  general  study  made  of  beam  wave¬ 
guide  resonators  at  millimeter  wavelengths.  An  Important  result  cf  this 
study  was  the  derivation  of  the  equivalent  circuits  for  resonators  with  in¬ 
put  and  output  coupling.  An  extensive  bibliography  on  guided  electromag¬ 
netic  wave  beans ,  beam  waveguides ,  beam  waveguide  antennas ,  beam  waveguide 
resonators,  and  Fabry-Perot  resonators  la  included  in  Part  1  of  this  report 

Part  2  of  this  report  describes  a  new  type  of  waveguide  filter  called 
cut-off  coupled  microwave  filter.  The  theory,  design  and  fabrication  of 
these  filters  as  well  as  the  Measurements  made  on  them  is  described  in  some 
detail. 

Part  3  of  this  report  deals  with  two  general  applications  of  the  beam 
waveguide  of  rectangular  symmetry.  One  of  the  studies  was  concerned  with 
the  rectangular  beam  waveguide  resonator  and  the  other  with  a  rectangular 
beam  waveguide  antenna  fovsed  from  the  resonator. 


III.  INTRODUCTION 


The  research  work  that  was  carried  out  under  this  contract  was  a  contin  1- 
ntion  of,  but  over  and  beyond,  the  studies  made  under  Contract  No.  DA-36-039- 
sc-85188.  This  final  report  covers  the  period  from  September  1,  1964  to  Janu¬ 
ary  31,  L9o9.  During  this  period  three  distinct  studies  were  carried  out. 

Two  of  these  studies  dealt  with  topics  closely  related  to  the  beam  waveguide. 
The  third  study  was  a  separate  one  and  was  concerned  with  the  theory  and  de¬ 
sign  of  a  new  type  of  filter  called  a  cut-off  coupled  microwave  filter. 

These  three  studies  are  essentially  independent  of  each  other  and  hence 
each  will  be  treated  as  a  unit.  This  report  will  therefore  be  divided  into 
three  parts,  each  of  which  will  be  self  contained  and  will  include  a  bibli¬ 
ography,  appendixes  when  necessary  and  the  conclusions  arrived  at  as  the  re¬ 
sult  of  the  study. 

Part  1  of  the  report  will  describe  the  research  carried  out  between 
September  1964  and  June  1967. ^  Because  of  the  large  amount  of  experimental 
work  uetailed  in  the  quarterly  reports,  the  material  will  not  be  repeated 
here.  Since  the  study  was  concerned  in  general  with  beam  waveguide  resona¬ 
tors  at  minimeter  wavelengths,  an  overall  view  of  the  work  will  be  given. 

An  important  result  of  this  study  was  the  derivation  of  the  equivalent  cir¬ 
cuits  for  the  coupled  resonators.  Since  this  derivation  lias  not  previously 
been  reported,  it  will  be  given  here  in  some  detail.  An  extensive  bibliog¬ 
raphy  on  guided  electromagnetic  wave  beams,  beam  waveguides,  beam  waveguide 
antennas,  beam  waveguide  resonators,  and  Fabrv-Perot  resonators  is  included 
in  Part  1  of  this  report. 

I.  The  research  reported  on  in  this  section  appears  also  as  a  p3rt  of  the 
Ph.l).  thesis  of  Arthur  W.  Murphy  (107). 


1 . 


Part  2  of  this  report  will  be  concerned  with  the  research  carried  out 

2 

between  September  1965  and  September  1966.  The  research  performed  during 
this  period  dealt  with  a  new  type  of  waveguide  filter  called  a  cut-off 
coupled  microwave  filter.  Conventional  waveguides  arranged  in  a  special 
configuration  were  used  to  form  the  filter.  The  theory,  design  and  fabri¬ 
cation  of  these  filters  as  well  as  the  measurements  made  on  them  will  be  des¬ 
cribed  in  some  detail. 

Part  3  of  this  report  will  describe  the  research  carried  out  between 

3 

September  1966  and  January  1969.  The  research  performed  during  this  period 
dealt  with  two  general  applications  of  the  beam  waveguide  of  rectangular  sym¬ 
metry.  One  of  the  3tudies  was  concerned  with  the  rectangular  beam  waveguide 
resonator  and  the  other  with  a  rectangular  beam  waveguide  antenna  formed  from 
the  resonator. 


2.  The  research  reported  on  in  this  section  appears  also  as  a  part  of  the  M 
thesis  of  John  R.  Brauer. 

3.  The  research  reported  on  in  this  section  appears  also  as  a  part  of  the 

Ph.D.  thesis  of  John  R.  Brauer. 


2. 


PART  1 


lit: AM  WAVEGUIDE  RESONATORS 
AT  MILLIMETER  WAVELENGTHS 


Previous  Studies 

The  investigation  carried  out  under  this  phase  of  the  contract  was  con¬ 
cerned  with  a  general  study  of  the  characteristics  and  properties  of  the  cy¬ 
lindrical  beam  waveguide  developed  by  Dr.  Georg  Goubau  of  the  U.S.  Army  Elec¬ 
tronic  Command.  The  work  of  Goubau  and  his  associates  is  detailed  in  the 

1U  .  4, 5, 6,7, 8, 9 

literature. 

Briefly,  the  beam  waveguide  consists  of  a  launching  and  receiving  an¬ 
tenna,  usually  horns,  and  a  number  of  equally  spaced  lenses  or  phase  correc¬ 
ting  plates  placed  between  the  antennas  to  reset  the  cross-sectional  phase 
of  the  guided  beam.  The  cross-sectional  field  distribution  of  the  beam  is 
not  constant  with  distance  along  the  beam  as  is  the  case  in  conventional 


4.  G.  Goubau  and  J.R.  Christian,  "A  New  Waveguide  for  Millimeter  Waves," 
presented  at  URSI-IRE  Fall  meeting,  San  Diego,  California,  October  1959. 

5.  G.  Goubau  and  F.  Schwering,  "On  the  Guided  Propagation  of  Electromagnetic 
Wave  Beams,"  IRE  Trans,  on  Antennas  and  Propagation,  VoJ..  AP-9,  May  1961. 
pp.  243-256.  This  Daper  was  first  presented  at  URSI-IRE  Spring  meeting, 
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waveguides.  The  amplitude  and  phase  of  the  cross-sectional  distribution  vary 
with  distance  along  the  beam.  The  cross-sectional  amplitude  distribution  how¬ 
ever,  is  repeated  at  certain  distances  from  the  source.  The  original  phase 
distribution  at  the  source  can  be  reconstituted  by  phase  transformers  placed 
at  the  point  where  the  original  amplitude  distribution  is  repeated.  Thus  a 
reiterative  system  is  formed  which  is  called  a  beam  w-veguide.  The  beam  wave¬ 
guide  can  be  made  to  have  very  small  losses.  The  possible  applications  of 
the  beam  waveguide  as  a  low  loss  transmission  line  for  the  millimeter  through 
optical  frequency  range  is  of  prime  interest.  The  resonator  formed  from  this 
transmission  line,  called  the  beam  waveguide  (or  the  Fabry-Perot)  resonator, 
has  among  other  desirable  characteristics  a  very  high  Q  in  the  millimeter 
through  the  optical  frequency  range .  The  beam  waveguide  resonator  is  there¬ 
fore  a  very  useful  millimeter  wave  circuit  element  which  makes  possible  the 
extension  of  resonator  techniques  into  the  millimeter  and  optical  frequency 
ranges . 

A  brief  review  of  rhe  studies  made  on  the  beam  waveguide  and  the  beam 
waveguide  resonator  under  previous  contracts  will  be  given.  Such  a  review 
will  assist  in  orienting  the  further  investigations  made  under  the  present 
contract. 

The  first  phase  of  the  early  investigations  was  concerned  with  the  meas¬ 
urement  of  the  very  small  diffraction  losses  of  the  waveguide.  Work  on  the 
measurement  of  the  diffraction  losses  of  the  beam  waveguide  has  been  completed 
and  reported  on  previously . ^  In  addition,  measurements  of  the  field 

10.  E.U.  Scheibe,  "Surface  Wave,  Antenna  and  Microwave  Filter  Engineering 
Research  Study,"  Final  Report  on  Contract  No.  DA-36-039-sc-78326,  De¬ 
partment  of  Electrical  Engineering,  University  of  Wisconsin,  Madison, 
Wisconsin,  September  30,  1961. 

Also  see  J.B.  Beyer  and  E.U.  Scheibe,  "Loss  Measurements  of  Beam  Wave¬ 
guides,"  IEEE  Trans,  on  Microwave  Theory  and  Techniques,  Vol.  MTT-11, 
January  1963,  pp.  18-22. 

and  E.H.  Scheibe,  "Measurements  on  Resonators  Formed  from  Circular  Plane 
and  Confocal  Paraboloidal  Mirrors,"  Proc.  IRE,  Vol.  49,  June  1961,  p.  1079. 
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distribution  within  the  beam  for  the  lowest  mode,  and  an  analytical  study  of 
the  losses  of  the  higher  modes  which  will  propagate  on  such  a  line  have  also 
been  completed. 

The  study  of  the  diffraction  loss  for  the  lowest  loss  mode  of  the  beam 
waveguide  was  made  with  a  loop  coupled  resonator  consisting  of  a  paraboloidal 
mirror  as  one  end  plate  and  a  flat  mirror  as  the  other  end  plate.  Such  a  re¬ 
sonator  simulates  one  iteration  of  the  beam  waveguide  and  the  diffraction  loss 
per  iteration  can  be  determined  from  the  measured  Q  of  the  resonator.  Since 
the  diffraction  loss  to  be  measured  was  very  small  and  hence  the  Q  of  the  re- 

I 

sonator  was  very  high,  special  apparatus  and  techniques  were  devised  to  mea¬ 
sure  the  Q.  These  studies  and  measurements  were  made  at,  or  near,  a  frequency 
of  9  GHz. 

The  remainder  of  the  studies  completed  thus  far  were  made  at,  or  near, 
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a  frequency  of  35  Gliz  and  are  detailed  in  previous  reports.  These  studies 
are  almost  entirely  concerned  with  applications  of  the  beam  waveguide  or 
Fabry-Perot  resonator. 

Though  a  large  number  of  modes  may  be  present  in  the  beam  in  many  in¬ 
stances,  only  the  lowest  loss  mode  survives  in  a  reasonable  length  of  beam 
waveguide.  In  resonators  formed  from  the  beam  waveguide  it  is  possible, 
under  proper  conditions,  to  encourage  the  excitation  of  selected  modes  only. 


11.  J.B.  Beyer  and  E.H.  Scheibe,  "Higher  Modes  in  Guided  Electromagnetic 
Wave  Beams,"  IEEE  Trans,  on  Antennas  and  Propagation,  Vol.  AP-10,  Mav 
1962,  p.  349. 

See  also  J.W.  Mink,  "Higher  Modes  in  Electromagnetic  Wave  Beams,"  M.S. 
Thesis,  University  of  Wisconsin,  Madison,  Wisconsin,  1962. 

12.  E.H.  Scheibe,  "Surface  Wave  and  Antenna  Engineering  Research  Study," 

Final  Report  on  Contract  No.  DA-36-039-sc-85188,  Department  of  Elec¬ 
trical  Engineering,  University  of  Wisconsin,  Madison,  Wisconsin,  No¬ 
vember  30,  1964. 

See  also  J.W.  Mink  and  E.H.  Scheibe,  "A  Dual-Mode  Beam  Waveguide  Re¬ 
sonator  and  Frequency  Stabilizer  at  Millimeter-Wave  Frequencies,"  IEEE 
Trans,  on  Microwave  Theory  and  Techniques.  Vol.  MTT-14,  May  1966,  pp.  222- 
228.  r 


In  cases  where  a  singLe  mode  or  a  selected  number  of  modes  exists  it  is  ad¬ 
visable  to  know  the  field  pattern  or  transverse  field  distribution  in  the 
cross-section  of  the  beam  of  individual  modes  or  mode  combinations.  The 
radial  field  distribution,  which  depends  on  the  Laguerre  polynomials  that 
appear  in  the  solution  of  the  beam  waveguide,  was  calculated  on  a  computer 
for  a  number  of  the  lowest  loss  modes.  With  the  radial  dependence  of  the 
field  known,  the  most  favorable  position  of  the  coupling  elements  for  launching 
the  desired  higher  modes  can  be  determined.  Because  it  is  convenient  to  refer 
to  individual  modes  at  times,  particularly  the  lower  loss  modes,  it  was  nec¬ 
essary  to  devise  meaningful  mode  designation.  A  mode  notation  was  chosen 
which  used  the  degree  and  order  of  the  Laguerre  polynomial  associated  with 
each  mode. 

The  frequency  stabilization  of  microwave  oscillators  was  one  of  the 
studies  carried  out  which  used  the  beam  waveguide  resonator  as  a  microwave 
circuit  element.  The  resonator  was  used  as  the  frequency  control  or  high  Q 
reference  cavity  and  was  operated  in  a  dual  mode.  The  dual  mode  operation 
of  the  beam  waveguide  resonator  made  it  possible  to  form  a  frequency  discrimi¬ 
nator  which  was  then  used  in  a  feedback  loop  to  stabilize  the  frequency  of  a 
microwave  oscillator.  A  marker  generator,  consisting  of  a  very  stable  low 
frequency  crystal  and  a  series  of  varactor  multipliers,  was  developed  in 
order  to  measure  both  the  long  term  and  short  term  stabilities  of  stabilized 
microwave  oscillators  operating  near  35  GHz.  The  use  of  the  beam  waveguide 
resonator  as  a  stalo  cavity  for  oscillator  stabilization  was  also  investigated. 

The  work  done  on  the  frequency  stabilization  of  microwave  oscillators 
using  the  dual  mode  beam  waveguide  resonator  led  to  a  study  of  the  measure¬ 
ment  of  the  dielectric  constant  of  gases  at  35  GHz.  In  this  application 
the  dual  mode  beam  waveguide  resonator  was  put  in  an  evacuated  chamber  to  de¬ 
termine  its  resonant  frequency.  When  a  gas  was  admitted  into  the  chamber 
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the  change  in  the  resonant  frequency  of  the  resonator  was  a  measure  of  the 
dielectric  constant  of  the  gas.  The  dielectric  constants  of  dry  air,  helium, 
nitrogen,  oxygen  and  argon  have  so  far  been  measured  with  an  accuracy  of  a 
few  parts  in  10^  at  3 b  GHz. 

When  the  beam  waveguide  resonator  operating  in  the  low  loss  mode  is 
fitted  with  one  end  plate  which  is  partially  transparent  it  becomes  an  anten¬ 
na.  A  study  of  such  an  antenna  was  made  in  which  the  partially  transparent 
end  plate  was  fabricated  from  polystyrene  sheets  with  air  spaces  between 
them.  This  type  of  construction  makes  it  possible  to  control  the  value  of 
the  reflection  coefficient  of  the  end  plate.  The  energy  passing  through  the 
end  plate  will  radiate  into  space. 

The  radiation  pattern  of  this  beam  waveguide  antenna  was  determined 
analytically  from  the  field  distribution  in  the  aperture.  Measurements  of 
the  radiation  pattern  of  the  antenna  bore  out  the  analysis  made.  Other  forms 
of  the  beam  waveguide  antenna  are  possible  and  additional  antenna  studies  have 
been  carried  out  and  are  detailed  in  Part  3  of  this  report. 

A  problem  which  arises  when  using  the  beam  waveguide  is  that  of  coupling 
energy  into  the  system  from  a  conventional  waveguide  system.  Usually  a  con¬ 
ventional  microwave  horn  along  with  a  dielectric  phase  corrector  is  used. 

A  method  which  has  better  launching  efficiency  uses  a  diagonal  horn  and  a 
properly  designed  phase  correcting  lens.  The  field  of  the  diagonal  horn  has 
an  amplitude  distribution  which  closely  simulates  the  radial  amplitude  dis¬ 
tribution  of  the  lowest  loss  mode  of  the  beam  waveguide.  When  the  diagonal 
horn  is  used  with  a  properly  designed  phase  corrector,  the  output  of  the  com¬ 
bination  very  closely  simulates  the  field  of  the  lowest  loss  mode  of  the  beam 
waveguide  in  both  amplitude  and  phase. 

Coupling  energy  from  a  conventional  waveguide  system  into  a  beam  waveguid 

resonator  also  raises  problems  and  is  the  principal  subject  of  Part  1  of  this 
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report.  Loop  coupling  can  be  used  at  a  frequency  of  9  GHz  but  is  not  prac¬ 
tical  at  35  GHz.  The  details  of  the  coupling  schemes  possible  at  this  fre¬ 
quency  are  given  in  another  section  of  this  part  of  the  report. 


IV.  THEORETICAL  CHARACTERISTICS  OF  BEAM  WAVEGUIDE  RESONATORS 
A.  General  Considerations 

A  beam  waveguide  resonator  in  general  consists  of  two  reflecting  sur¬ 
faces  mounted  normal  to  and  concentric  about  a  common  axis.  Especially 
for  microwave  applications,  it  is  advantageous  to  consider  the  iields  in 
the  resonator  as  being  due  to  a  traveling  wave  beam  propagating  along  the 
axis  of  the  resonator.  The  resonance  condition  then  is  that  the  total 
phase  shift  of  the  beam  must  be  a  multiple  of  2tt  radians  in  traversing  a 
path  twice  the  physical  length  of  the  resonator.  The  resonance  condition 
may  also  be  defined  in  terms  of  a  total  phase  shift  of  ir  radians  in  a  path 
length  equal  to  the  physical  leugth  of  the  resonator. 

The  cross  sectional  energy  distribution  and  the  divergence  properties 
of  the  wave  beam  will  in  general  be  a  property  of  the  shape  of  the  reflec¬ 
ting  surfaces  and  the  separation  between  the  surfaces.  Due  to  the  finite 
size  of  the  reflectors,  some  energy  will  be  lost  past  the  reflectors.  These 
diffraction  losses  are  a  function  of  the  resonator  size  and  the  cross  sec¬ 
tional  energy  distribution  of  the  beam.  The  most  common  geometries  used 
for  beam  waveguide  resonators  is  shown  in  Fig.  4-1. 

When  all  resonator  dimensions  are  large  compared  to  the  wavelength  and 
when  the  reflector  separation  is  large  compared  to  the  size  of  the  reflec¬ 
tors,  Kirchoff's  diffraction  theory  may  be  applied  to  the  fields  in  order 

to  obtain  the  re_..iator  field  distributions  as  the  eigenfunctions  of  the 
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general  integral  equations 

13.  H.  Kogelnik,  T.  Li,  "Laser  Beams  and  Resonators",  Proc.  IEEE,  vol.  54, 
10,  October,  1966,  p.  1314. 
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(4-1) 

(4-2) 


where  the  eigenvalues  Y^  and  Y^  give  the  loss  and  phase  change  of  a 
wave  propagating  between  reflector  surfaces  s^  and  s2>  The  form  of  the 
kernels  K  depends  upon  the  choice  of  coordinate  system  In  which  the  prob¬ 
lem  Is  to  be  solved. 
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In  rectangular  coordinates. 


K^1^(x2,x1,y2,y1)  *  (^)exp{-jk( (Xj-x^+^-y^ 2 ]/?.[!>  (4-3) 

where  x^  and  y^  are  the  coordinates  on  s^ 
x2  and  y2  are  the  coordinates  on  s2 
D  Is  the  reflector  separation 
k  =  2n/A. 

Expressed  In  the  cylindrical  coordinate  system,  (P,<J>,z)^ 

K(1)(p2,p1,4,2,4,1)  -  (jAD)exp{-jk[p2+p^-2p2P1cos(<|.2-(|)1)]/2D}  (4-4) 

In  both  rectangular  and  cylindrical  coordinate  systems  it  Is  possible 
to  reduce  the  two  dimensional  equations  Into  two  orthogonal  equations  in 
one  dimension.  In  rectangular  coordinates,  letting 


E(x,y)  -  E  (x)E  (y) 

x  y 

then  for  Eq.  4-1: 

^1>EX1><>1>  ■  /x‘'(2><Vx2>Ex2,<*2>  dx2 


(4-5) 


(4-b) 


14.  A.  Fox,  T.  Li,  "Resonant  Modes  in  a  Maser  Interferometer",  B.S.T.J. , 
vol.  40,  1961,  p.  485. 

15.  L.  Bergstein,  H.  Schachter,  "Resonant  Modes  of  Optic  Interferometer 
Cavities,  I.  Plane  Parallel  Reflectors",  J,  of  the  Opt.  Soc.  Am., 
vol.  54,  July,  1964,  p.  896. 
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Similar  expressions  can  be  written  for  Eq.  4-2  by  interchanging  super 
scripts  (1)  and  (2)  and  subscripts  1  and  2  in  the  above  equations. 

In  a  cylindrical  coordinate  system,  it  has  been  shown  that^ 

E(p,<j>)  *  R^(p)e  n  -  an  integer 

V'r>(02)<p2)1/2  "  /pK„<p2'<'l)k„<pl)<0l>1/2df1l 


(4-11) 

(4-12) 


Kn(P2.Pi) 


T  /v  PlP2Wft  .1/2  -jk(p?+p,)/2D 
Jn(k  -g — )(PltP2)  e  12 


(4-13) 


with  J  a  Bessel  function  of  the  first  kind  and  order  n. 
n 

For  solutions  of  Eqs.  4-1  and  4-2  t.o  exist,  it  is  necessary  that  the 
fields  across  one  reflector  of  the  resonator  be  related  to  the  fields  across 
the  other  reflector  by  a  multiplicative  constant.  Whether  this  condition 
can  be  met  or  not  determines  the  stability  criterion  for  the  particular  re¬ 
sonator  geometry  as  discussed  by  Fox  and  Li  (30).  Stability  is  determined 
by  the  relationship  between  the  reflector  curvatures  and  the  separation  be¬ 
tween  the  reflectors.  A  stability  diagram  plotted  in  two  dimensions  in  terms 
of  the  normalized  coordinates  and  G2  is  shown  in  Fig.  4-2.  The  normalized 
coordinates  G,  and  G ^  are  defined  by  Gordon  and  Kogelnik  as^ 


16.  See  p.  487  of  reference  in  footnote  14. 

17.  J.P.  Gordon,  H.  Kogelnik,  "Equivalence  Relations  among  Spherical  Mirror 
Optical  Resonators",  B.S.T.J.,  vol.  43,  November,  1964,  p.  2875. 
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where-  and  r 2  are  the  radii  of  curvature, 

D  is  the  separation, 

and  R^  and  R2  are  the  radii  of  the  circular  reflectors.  A  particular  re¬ 
sonator  geometry  will  be  stable  only  when 


o<g1g2<i 


(4-16) 


A  third  normalized  coordinate  formulated  by  Gordon  and  Kogelnik  is 
given  by 

N  «  R^/AD  (4-17) 

Resonators  which  have  the  same  G^.  and  N  are  said  to  be  equivalent 
in  that  they  satisfy  the  same  resonance  conditions,  have  the  same  dif¬ 
fraction  losses,  and  have  field  patterns  on  the  reflectors  which  are  re¬ 
lated  by  a  scale  constant. 

B.  Plane  Parallel  Reflectors 

For  a  resonator  having  identical  plane  parallel  reflectors,  G]“G2»+1. 

This  resonator  has  inherently  one  of  the  highest  losses  for  a  particular 
value  of  N  of  any  of  the  stable  resonator  configurations.  Its  losses  are 
equaled  by  the  concentric  resonator,  for  which  Gj*G2*-l.  Advantages  which 
have  led  to  the  use  of  the  parallel  plane  resonator  in  laser  applications 
are  the  large  percentage  of  the  resonator  volume  which  has  substantial  field 
components,  and  the  dependance  of  the  resonance  condition  on  the  mode  number 
which  allows  control  of  the  mode  of  operation  by  adjustment  of  the  reflec¬ 
tor  spacing. 
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The  losses  for  the  dominant  mode  of  a  parallel  plane  resonator  with 
identical  reflectors  of  circular  shape  have  been  obtained  by  Fox  and  Li  in 
terms  of  the  percent  power  loss  per  transit  length  D  of  a  traveling  wave 
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field  as  a  function  of  the  Fresnel  number  N  characterizing  the  geometry. 

Percent  Power  Loss  ■  100(1  -  j y | ^ )  (4-13) 

where  y  =  y^^  =  y^  is  the  eigenvalue  of  Eqs.  4-1  and  4-2.  The  loss 
characteristic  for  the  dominant  mode  from  Fox  and  Li  is  given  in  Fig.  4-3 
in  terms  of  the  loss  L  expressed  in  db  per  transit  as  a  function  of  N. 

The  percentage  power  loss  is  related  to  the  loss  in  db  by 

Ldb  ■  10  L°*10  »  -  TST1! 


18.  See  p.  466  of  reference  in  footnote  14. 

19.  See  p.  481  of  reference  in  footnote  14. 
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DIFFRACTION  LOSS  FOR  THE  DOMINANT  MODE 
OF  A  PARALLEL  PLATE  RESONATOR  WITH  CIRCULAR 


REFLECTORS 
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where  S,  -  an  integer 


Aq  ■  free  space  wavelength 


3  **  the  additional  phase  shift  in  degrees. 

The  additional  phase  shift  3  is  given  in  Fig.  4-3  as  determined  by  Fox  and 


An  analytical  solution  for  a  parallel  plane  resonator  made  by  Vainshtein 
gives  expressions  for  the  losses  and  the  phase  shift  for  circular  reflectors. 


With  a  change  in  notation,  the  losses  are  given  by 

L  -  10  Log  [1  -  8x^  - ■  ■  ] 

db  10  ^  [(MfA)2+A2]2 

where  A  -  -  6 (1/2) /(tt)  1/2  -  0.824 

6Q/2)  is  the  zeta  function  of  Riemann. 

*  ■  (mfl)th  zero  of  J  . 

mn  n 

1/2 

M  -  (8rrN) with  N  defined  by  Eq.  4-17. 
m  ■  n  ■  0  for  the  dominant  mode. 


(4-21) 


The  phase  shift  is  given  by 


0  -  (360}  2  _ M(MtA), 

2  'mn  [(M+A)2+A2] 


(4-22) 


For  N  «  10,  Eqs.  4-21  and  4-22  give  respectively  a  loss  per  transit  of 
0.0358  db  and  an  additional  phase  shift  3  of  2.27°  for  the  dominant  mode. 
These  values  are  in  good  agreement  with  the  numerical  values  of  Fox  and  Li. 
Equation  4-21  is  expected  to  be  valid  over  a  larger  range  of  N  than  Eq.  4-1S. 

It  was  also  found  by  Vainshtein  that  the  cross  sectional  field  distri¬ 
bution  at  tiie  reflectors  was  of  the  complex  form 


20.  See  p.  467  of  reference  in  footnote  14. 

21.  L.A.  Vainshtein,  "Open  Resonators  for  Lasers",  J  .F..T.P . ,  (USSR),  vol.  17, 
September,  1963,  p.  717. 
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f(p*W  *  ^  Jm 

wliere  f  may  he  either  f  or 
Then : 

E  =  jk  1  (grad 
and  H  =  curl  f 

where  k  11  «  the  free  space  propagation  constant 

and  j  =  S-l. 

For  resonators  having  reflectors  of  rectangular  shape  and  dimensions 
2a  X  2b,  the  eigenvalues  and  eigenfunctions  may  be  obtained  from  those  of 
the  infinite  strip  resonator.  The  infinite  strip  reflector  has  a  finite 
"idth,  but  is  assumed  to  have  an  unlimited  length.  Such  geometries  have 
been  extensively  investigated.  (2) (5) (30).  The  eigenvalue  for  a  rectan¬ 
gular  reflector  2a  X  2b  in  size  would  be  given  by  the  product  of  the 
eigenvalue  for  a  strip  resonator  of  width  2a  and  the  eigenvalue  of  a  strip 
resonator  of  width  2b.  The  eigenfunctions  may  also  be  obtained  as  the 
eigenfunctions  of  one  strip  times  those  of  another  strip  if  one  strip  is 
assumed  to  extend  along  the  x  direction  and  the  other  along  the  y  direction. 

C.  Confocal  Geometry 

Confocal  geometry  is  characterized  by  the  condition  that  the  separa¬ 
tion  D  between  the  two  reflectors  be  given  by 

D  "  fl  +  f2 

where  f^  and  f2  are  the  focal  lengths  of  reflectors  1  and  2  respectively. 

For  spherical  curvature 
f  -  r/2 

where  r  is  the  radius  of  curvature.  The  generalized  values  for  a  confocal 


,  mn  R  . 
l+A(l+j)/M  C°8 


f  . 

y 


div  f  k2f) 


(4 


-23) 


resonator  with  f^  equal  to  fj  are 
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Most  of  the  theoretical  work  on  beam  waveguide  resonator  structures 
has  been  done  for  the  confocal  geometry.  Some  of  the  reasons  for  the  con¬ 
centration  of  effort  on  this  particular  geometry  are,  a)  the  confocal  geo¬ 
metry  is  the  only  geometry  in  addition  to  the  parallel  plane  case  for  which 
it  has  been  shown  possible  to  formulate  analytical  solutions,  b)  for  a 
fixed  value  of  the  Fresnel  number  N,  the  confocal  case  has  the  lowest  pos¬ 
sible  losses,  and  c)  the  confocal  resonator  may  be  considered  a  resonant 
section  of  the  low  loss  beam  waveguide  developed  by  Coubau  (99)  (37)  (AO). 

The  first  formulation  of  the  fields  in  the  confocal  resonator  was  ob¬ 
tained  by  Coubau  and  Schwering  (36).  The  method  consisted  of  the  solution 
of  the  wave  equation  in  cylindrical  coordinates  under  the  restriction  that, 
the  propagation  constant  along  the  axis  may  have  a  spectrum  of  values 
limited  to  a  narrow  range  and,  that 

|E(p,$,+z)  |  »  |E(p,<fr,-z)| 

Allowing  the  field  to  be  of  infinite  extent  in  the  transverse  (p,<|>)  plane, 
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the  solution  was  found  to  be: 


E 

nv 


(p/e)  1/2H  -  A  (l+u2)"1/2(-^-)V  LV 

nv  nv  p  n 

z 

•(e*p[-l/2(i)2  -  J*|  *> 

z 


<Ji  »  kz  -  (2n+v+l)  tan  *u  +  l/2u(-^-) 

pz 


where  arc  Laquerre  polynomials  of  order  v  and  degree  n 


(A-2A) 

(4-25) 


(4-26) 


22,  G.  Coubau,  "Optical  Relations  for  Coherent  Wave  Beams,"  Sym.  of  Elect. 
Mag.  Theory  and  Antennas,  Pergammon  Press,  New  York,  1963,  p.  908,  915. 
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(4-27) 


P2Z  -  p2  Oh.2) 

whe^e  pQ,  the  mode  parameter,  is  obtained  from 

22  dl  do 

(kp2)  -  (2  -  ^  M,  -  (2  -  f2d2 


(4-28) 


with  \l>  ■  0  at  z  ■  0. 
k  *  2tt/A 

o 

Aq  «*  the  free  space  wavelength 

d^  and  d2  are  the  distance  from  z  ■  0  of  surfaces 
of  constant  phase 

f^  and  f2  are  the  equivalent  focal  lengths  of  the  sur¬ 
faces  of  constant  phase  at  d^  and  d2- 
may  be  polarized  in  either  the  x  or  y  direction,  with  Hrv  then  in  the 
y  or  -x  direction  assuming  propagation  in  the  +z  direction. 

The  amplitude  functions  of  are  plotted  at  u  ■  1  in  Figs.  4-4,  4-5, 
and  4-6  as  a  function  of  the  normalized  radial  coordinate  x  where 

*•  a  R 

R  -  the  radius  of  the  reflector. 


The  function  a  is  given  by 

a  =  (k/D'1/2R 


(4-29) 


when  the  resonator  has  two  identical  reflectors  of  radius  R  and  separation 
D.  The  relation  between  a  and  N  is 
a  *  (2ttN)1/Z 

and  is  a  more  convenient  parameter  for  use  with  confocal  resonators  than  N. 
Due  to  the  low  diffraction  losses  a  practical  confocal  resonator  would  have 


The  generalized  Laguerre  polynomials  are  given  by 


n 

LV  =  I 
”  i*o 


(n+v) !  (-x2) 

(n-i) ! (v+i) I  i! 
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axisnsj-ni  cnaia  aALLvaan 


AxiSNaxNi  cnaia  aAUvaan 
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The  modes  for  beam  waveguide  resonators  are  hybrid  modes,  that  is, 
thxy  are  neither  TE,  TM,  nor  TEM  to  z,  however  the  longitudinal  components 
of  the  fields  that  do  exist  are  small.  The  modes,  which  are  determined  by 
their  Laguerre  polynomials  will  be  designed  by  the  integers  n  and  v.  This 
has  the  advantage  that  the  mode  designation  will  tend  to  indicate  the  shape 
of  the  reflectors  for  the  resonator  under  discussion.  Thus  the  modes  will 
be  designated  L°,  L^,  etc.,  for  reflectors  of  circular  symmetry. 

For  a  confocal  resonator,  the  reflector  surfaces  coincide  with  the 
surfaces  of  constant  phase.  These  surfaces  are  parabolic,  but  for  re¬ 
flector  diameters  small  compared  to  the  radius  of  curvature,  the  con¬ 
stant  phase  surfaces  may  be  approximated  by  spherical  curvatures.  Under 
the  condition  Eq  4-23  becomes 

kp*  -  D/2 

and  p2z  -  (D/2k)  (1+u2) 

At  the  mid-plane  of  the  resonator,  taken  as  z  *  0,  Eq.  4-24  becomes 


E  (z“0)  .  /2kOv  Tv.2kp. 

nv  »  A  (— n”)  L  • 

nv  D  n  D 


[exp{-l/2(^)2-j*}](“®  *)  (4-30) 

where  from  Eqs.  4-25  and  4-26  it  is  found  thatijj  ■  0  in  the  plane  z  *  0. 

2 

At  z  *  +D./2,  u  «*  1  and  p  _  D/k.  Then, 

z 

f)  ■  *,v(2>'1/2(¥)V  La(^>2- 

[exp  $  (4-31) 

and  again  using  Eqs.  4-25  and  4-26 

2 

>p  -  +  k  D  -  (2n+v+l)  J  +  1/2  (^)  (4-32) 

2  4  u 
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The  resonance  condition  for  the  confocal  full  resonator  is  that 

Uz-  f)  -  ♦(*—  f)  -  lir  (4-33) 

where  ft  is  an  integer. 

ftn  -  kD  -  (2n+v+l)  £  (4-24) 

The  last  term  in  the  expression  frz  i}»  may  be  neglected  since  the  re¬ 
flectors  fit  surfaces  of  constant  phase.  Therefore,  »{/  may  be  evaluated 
at  p  ■  0. 

When  the  reflecting  surfaces  for  the  resonator,  or  phase  correctors 
for  the  beam  waveguide,  are  of  finite  extent,  the  fields  will  be  modified 
slightly  and  there  will  be  a  diffraction  loss  at  each  reflector.  The 
value  of  this  loss  as  a  function  of  resonator  size  and  mode  number  has 
been  obtained  by  Goubau  and  Schwering  (36)  and  Beyer  and  Scheibe  (6)  by  an 
expansion  of  eigenvalue  equations  similar  to  Eqs.  4-12  and  4-13  in  terms 
of  the  generalized  Laguerre  polynomials.  The  losses  shown  in  Fig.  4-7 
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were  obtained  on  a  computer  using  the  first  ten  terms  of  the  expansion. 

The  Integral  equations  for  the  fields  in  the  confocal  resonator  with 

circular  reflectors  of  finite  size  have  also  been  evaluated  by  numerical 

integration  (31),  and  by  power  series  expansion  (62).  The  results  obtained 

in  these  cases  appear  to  be  in  good  agreement  with  those  presented  in  Fig.  4-7. 

In  an  analysis  similar  to  that  used  to  determine  the  beam  modes  in  a 

system  of  cylindrical  symmetry,  Schwering  obtained  the  fields  for  beam  modes 

in  rectangular  coordinates  for  a  square  or  rectangular  symmetry  condition. 

24 

For  fields  of  infinite  extent  in  the  transverse  plane 

23.  J.  Beyer,  E.  Scheibe,  "Higher  Modes  in  Guided  Electromagnetic  Wave 
Beams,"  Trans.  IRE,  AP-10,  May  1962,  p.  349. 

24.  F.  Schwering,  "Reiterative  Wave,  Beams  of  Rectangular  Symmetry," 

Archlv  Elect.  Ubertragung,  vol.  15,  December  1961,  p.  558. 
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E 

nm 

‘Hen{7;'Sp}‘Hem  {  .  rl/2>  *exp{-l/4t,  + 

(l+zu)  (l+zv)  l+zu 

,2  z  x'2  z  y * 2 

-x-=r)}*e:p{-j  l/4(  ,  )  +  (  ,  )  + 

1+z*  1+z  1+z 

V  u  V 

j[(n+l/2)tan  ^  z^  +  (m+l/2)tan  ^z^]} 

(4-35) 

x'  «  2u  x 
o 

y*  -  2vQy 

-  2  z 
z  *  2u  — 
u  ok 

z  =  2v2  ~ 
v  ok 

uq  and  vq  are  analogous  to  the  Pq  of  the  cylindrical  case.  The  confocal 
condition  corresponds  to 

u  ■  v  -  (k/2z  )172  z  -  D/2 

o  o  o  o 

The  Henm(w)  are  Hermit  polynomials  defined  by 

Hen(w)  «  <-l)nexp(w2/2)  (e^72)  (4'36) 

dw 

Under  confocal  conditions,  Z  -  Z  ■  1  for  z  m  z  and  Z  *  Z  -0 

u  v  o  u  v 

for  z  *  0.  The  resonance  condition  for  the  confocal  case  can  be  derived 
as 

in  ■  kD  -  (n+1/2)  |  -  (tn+1/2)  —  £,  mr  n  integers  (4-37') 

Schwering  has  solved  for  the  fundamental  mode  energy  distribution  and  dif¬ 
fraction  losses  when  the  phase  correctors  of  a  beam  waveguide  are  of  finite 
extent  by  an  expansion  of  an  Integral  equation  similar  to  Eqs.  4-2  and  4-3 
in  terms  of  the  Gaussian  Hermit  functions  characterizing  the  unlimited  fields. 

Boyd  and  Gordon  have  shown  that  the  fields  for  the  confocal  resonator 
with  finite  rectangular  reflectors  can  be  formulated  in  terms  of  prolate 
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spheroidal  wave  functions  (10) .  These  functions  are  also  shown  to  reduce 
to  the  Gauss ian-Hermite  functions  obtained  by  Schwering  when  the  reflectors 
are  sufficiently  large.  Boyd  and  Gordon  also  give  the  diffraction  losses 
for  the  six  lowest  loss  moces  for  a  square  reflector  2a  on  a  side,  and  for 
the  three  lowest  loss  inodes  of  an  infinite  strip  resonator  of  width  2a. 

By  using  the  procedure  mentioned  on  p.  17,  the  losses  for  any  rectangular 
reflector  can  be  determined. 

D.  Reflectors  of  Arbitrary  Curvature 

Analytical  solutions  for  the  eigenvalues  and  eigenfunctions  of  Eqs.  4-1 
and  4-2  have  not  been  obtained  for  arbitrary  reflector  separation  and  curva¬ 
ture.  By  the  use  of  numerical  integration,  Li  has  solved  for  the  eigen¬ 
values  and  field  distribution  at  the  reflectors  for  both  full  and  half  re¬ 
sonators  for  several  ratios  of  reflector  curvature  to  reflector  separa¬ 
tion  (48)  (53) .  The  ratios  analyzed  were  for  the  radius  of  curvature  vari¬ 
able  from  the  separation  length  (confocal)  to  infinity  (parallel  plane). 

Another  approach  for  determining  the  losses  of  a  resonator  having  ar¬ 
bitrary  reflector  curvature  involves  matching  the  reflector  curvature  and 
spacing  to  an  equiphase  surface  of  a  beam  mode  defined  by  Eqs.  4-24 
through  4-28.  An  equivalent  a  value  for  the  resonator  to  be  used  in  de¬ 
termining  the  diffraction  loss  is  obtained  by  finding  a  confocal  geometry 
which  would  have  the  same  losses  as  the  real  resonator.  Such  a  method 
was  proposed  by  Boyd  and  Gordon  during  a  study  of  resonators  having  rec¬ 
tangular  reflectors  (10). 

The  analysis  is  based  on  the  assumption  that  two  reflectors  at  equiphase 
surfaces  will  have  the  same  diffraction  loss  if  the  field  distributions  and 
reflector  dimensions  are  properly  scaled  versions  of  each  other.  That  is, 
required  that 

R/w(z  )  -  R'/w(z') 
o  o 
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where  w(z  )  is  the  beam  radius  defined  as  the  radius  at  which  E  falls  to 
o 

1/e  of  its  maximum  value.  The  geometry  and  notation  for  this  problem  are 
shown  in  Fig.  4-8.  By  inspection  of  Eq.  4-24  for  the  L°  mode 

.(»  ■  21/2p  -  <^>1/2  <1  ♦  41'2 

z  k  d,2 

where  p  lias  been  chosen  for  the  confocal  condition  at  z  >  d'.  In  order 
o 


(4-38) 


to  find 


use 


i'  -  (k/2d')1/2R' 


R' 


(2d' /k) 1/2  (14—-) 1/2 
d  2 


M2  A2  1/2 
(2d'/k)1'^(l4— --) 

d  2 


R'  - 


21/2R 


j2 

(1+-TT) 


£  1/2 


21/2(k/2d')1/2R 

.2  1/2 


21/2* 


(d/d»)1/2 
.2  1/2 


,1/2  ,d’  d  . 

2  a  ("d  +  cP0 


-1/2 


(4-39) 


where 


a  -  (k/2d)1/2R 


for  the  resonator.  It  is  now  necessary  to  find  the  correct  value  of  (d')  in 
terms  of  the  resonator  parameters  d,  r,  R. 

From  Eq.  4-25,  define  a  constant  phase  surface  by 


kz4(l/2)u(-2-)2  ■  constant 
Pz 
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CONFOCAL  EQUIVALENCE  OF  NONCONFOCAL  RESONATORS 


(4-40) 


where  the  small  correction  introduced  by  tan  u  has  been  neglected.  Then 

1  ,_p .  2  u  2 


where  kzQ  *  ip  for  p  ■  0.  This  ie  of  the  fora 


z  ■  f  (p)  -  Ap 

2 

an-4  the  radius  of  curvature  is  given  by 


The  re  force 


r  -  (l+f’2(p))3/2/f"(p) 


r  -  (l+4A2p2)3/2/2A  -  1/2A  p-*0 


r  *  kp2/u  •  kp2(l+u2)/u 
z  o 


For  the  confocal  beam 


u  ■  z/d1 


kD  -  d’ 
o 


r  -  d’ 


(1+^> 


(4-41) 


Thus,  as  z  +  0,  r  “  and  at  z  ■  d  ,  r  «*  2d  which  is  the  confocal  con¬ 
dition.  Now,  matching  this  curvature  to  that  of  the  resonator  reflector 


at  z  =  d 


d’  -  (rd  -  d2)1/2 

a-  .  2l/2  J  +  „W1/ll-1/2 

l  <d)1/2  <r-d)1/2J 

.•  -2l/2a 

r 


(4-42) 


(4-43) 


Equation  4-42  indicates  that  d  tor  the  equivalent  confocal  geometry  may 
be  defined  for  resonar ^rs  satisfying  the  condition  (r-d)  >  0. 


25.  R.E.  Johnson,  F.L,  Kichemeister ,  Calculus  with  Analytic  Geometry, 
Allyn  and  Bacon,  Boston,  1961,  p.  431. 
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E.  Resistive  Losses 


One  of  the  more  important  features  of  beam  waveguide  resonator  struc¬ 
tures  is  the  small  amount  of  metallic  surface  necessary  to  confine  a  very 
large  volume  distribution  of  energy.  However,  the  reflectors  do  intro¬ 
duce  resistive  losses  in  the  resonator,  and  must  be  considered  along  with 
the  diffraction  losses  in  order  to  determine  the  operating  characteristics 
of  the  device.  For  the  purpose  of  evaluating  the  reflector  losses,  the 
traveling  wave  field  in  the  resonator  may  be  considered  to  be  incident  nor¬ 
mally  upon  the  reflector,  although  this  will  only  be  exact  fcr  cases  where 
the  reflectors  are  fitted  to  surfaces  of  constant  phase. 

By  transmission  line  analogy,  the  load  impedance  represented  by  the  re¬ 
flector  may  be  given  for  metallic  reflectors  as 

Z.  -  UWo)1/2  45?  -  ^  (jjw/o)1/2  (4-44) 

l  /2 

o  *  conductivity  in  mho /me ter 
a)  *  2nf  radians  per  second 
p  *  4irX  10  2  henry/meter 
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The  energy  reflection  coefficient  may  then  be  calculated  as 

! r| 2  -  1  -  2(2 we/a)1/2  (4-45) 

under  the  condition  that  2we/o«l.  The  loss  in  db  per  reflection  may  be 
expressed  as 

Ldb  =  10  Log  U  -  2(2u e/0)1/2} 

*  4.34  Ln  {1  -  2(2uje/0)1/2  }  (4-46) 

which  for  2uiC/0«l  reduces  to 

Ldb  “  8.68(2ti*:/c)^2  ^  loss/reflection  (4-47) 

26.  J.C.  Slater,  Microwave  Transmission,  Dover  Publications,  New  York, 

1959,  p.  116. 
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Three  of  the  common  materials  used  for  reflecting  surfaces  are  silver, 

27 

brass,  and  aluminum.  The  d.c<  conductivities  of  these  materials  are: 

Silver:  61  X  i.  1  mho/m. 

Brass:  15  X  10^  mho/m. 

Aluminum:  35  X  10 ^  mho/m. 

The  loss  in  db  per  reflection  based  on  the  d.c.  values  of  conductivity  for 
these  materials  at  a  frequency  of  35  GHz  would  be 

Silver:  2.2  X  10~3  db 
Brass:  4. A3  X  10~3  db 

Aluminum:  2.9  X  10  3  db 

Previous  measurements  have  shown  that  with  aluminum  reflectors  at  9  GHz 
the  loss  per  inflection  was  0.0021  db  rather  than  the  0.0016  db  predicted  on 
the  basis  of  the  dc  conductivity.  This  is  equivalent  to  an  effective  in¬ 
crease  in  surface  resistivity  of  1.3,  which  is  consistent  with  experimental 
investigations  of  microwave  surfaces  as  reported  by  Lending  (7)  (50). 
Allowing  this  increase  in  surface  resistivity  due  to  surface  imperfections, 
the  following  working  values  for  the  reflection  losses  are  obtained 


Silver: 

2.86 

X 

10"  3 

db 

Brass: 

5.77 

X 

io"3 

db 

Aluminum: 

3.77 

X 

io"3 

db 

V.  DERIVATION  OF  THE  COUPLED  RESONATOR  EQUIVALENT  CIRCUIT 
A,  General  Considerations 

In  order  to  better  predict  the  effects  of  variations  in  the  resonator 
parameters  and  variations  in  the  size  of  the  coupling  apertures,  a  lumped 
element  equivalent  circuit  for  che  resonator  together  with  the  coupling 

27.  The  Microwave  Engineers'  Handbook,  Horizon  House,  Massachusetts,  1966, 
p.  *32. 
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networks  would  be  helpful.  Prediction  of  measureable  characteristics  and 
the  design  of  efficient  coupling  networks  could  then  be  achieved  using  stan- 
dard  network  theory. 


The  derivation  of  the  equivalent  circuit  for  the  resonator,  will  start 

with  the  relation  between  the  unloaded  Q,  Qu>  of  the  resonator  and  the  total 

power  loss  P,  of  the  resonator 
r  loss 

(5-3.) 


p  .  S1H 
loss  Q 


where  W  is  the  energy  stored  in  the  resonator. 

The  power  lost  must  be  supplied  to  the  resonator  by  the  magnetic  dipole  in 
the  coupling  aperture,  and  is  given  by 


(5-2) 

_ » 

where  B^  is  the  magnetic  flux  density 
and  m  is  the  magnetic  dipole  moment. 

All  field,  and  field  related,  quantities  are  peak  values  and  Bq  and  m  are 
considered  to  be  at  the  plane  z  -  0.  Due  to  the  presence  of  the  reflecting 
surface  in  which  the  coupling  aperture  is  located,  the  total  field  at  the 

i 

aperture,  Bq,  will  be  equal  to  2Bq  where  B0  is  the  peak  amplitude  of  the 
resonator  traveling  wave  field. 

B.  Confocal  Half  Resonator 

The  energy  stored  in  the  dominant  mode  of  a  half  resonator  of  length 

D/2  is  with  the  aid  of  Eq.  4-24  given  by 

W  -  rcE2  p2D/2 
o  z 

where  E  is  the  field  of  the  dominant  mode. 


Using 


then 


2 

o 


W  -  xB  B*p2D/2p 

O  0*0  p 


(5-3) 


inserting  F.qs.  2-2  and  2-3  into  Eq.  2-1,  with  B  ■  2B 

,  o  o 

*  2 

wjtB  B  p  D 
,  „  *  o  o  o 

■  — 5SC  - 


Solving  for  B 


2juQum 

irp^D 

o 


(5-4) 


or 


and  since  B  *  pH 


H 


-2juQum 

J— 
TTO  D 

O 


-2jy 

T7P2D 

O 


(5-5) 


The  field  obtained  is  the  maximum  field  at  resonance.  The  general  expres¬ 
sion  for  che  field  is  a  function  of  frequency,  and  decreases  in  magnitude 
below  the  maximum  value  obtained  above,  as  the  frequency  deviates  from  the 
resonant  frequency. 


Ho(u) 


-2jv 

irp2D 

o 


f(«) 


f(a.)<l 


(5-6) 


According  to  Goubau,  the  following  useful  definitions  for  equivalent 

28 

currents  and  voltages  may  be  made 


2  2  2 
I  *  k  m  where  k  ■  u  pc 


and 


v  -  j  r  /  £  « 


k  '  e 

With  these  definitions  an  equivalent  resonator  impedance  can  be  found  and 


is. 


m  J  pi  J  u  o 


(5-7) 


28.  G.  Goubau,  Unpublished  notes. 
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(5-8) 


From  Eq.  5-6  for  H  *  2Hq(w)  in  the  plane  of  m 


m  np2D 
o 


f(«) 


and  the  Impedance  presented  by  the  resonator  at  the  point  of  excitation 
is 


=  ±  /I 


o  .3  e  2_ 
k  7rp  D 

o 


f(“) 


The  impedance  is  real  and  reaches  a  maximum  at  the  resonant  frequency  f{ 
Therefore  the  equivalent  circuit  is  a  Darallel  resonant  circuit  with 


-4/j± 


°  k3 


From  the  relations 

Q.. 


u  L 
o  o 


irp2D 

o 


and 


u 


_1_ 

LC 


for  a  parallel  resonant  circuit,  obtain 

Rq 

Lo  w  Q 
o  u 


and 


Q„ 


w  R 
o  o 


(5-9) 


(5-10) 


(5-11) 


(5-12) 


In  addition  to  exciting  the  resonator  fields,  the  magnetic  coupling 
also  causes  a  radiation  field.  The  amount  of  power  coupled  into  the  radia¬ 
tion  field  may  be  obtained  by  using  the  relation 


P.  *  l/2Re  [ jwB ' *m*] 
loss  J  o  ’ 

I 

where  Bq  is  equal  to  twice  the  magnitude  of  the  homogeneous  B  field  of  the 

dipole  moment  m  because  of  the  presence  of  the  reflector.  The  magnetic 
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field  components  of  a  magnetic  dipole  are  given  by 


29.  See  reference  in  footnote  28. 


2 


(5-13) 


mk 

4ir 


U( — ~r  +  -2J--)e~^kRcos9 


(kR)  (kR) 


and 


-4  -  £>  e-jkR  sine 

(kR)2  kR 


Expanding  Che  exponential  term  In  a  power  series  in  R 


■JkR 


1  -  JkR  -  l/2(kR) 2  + 


and  considering  only  the  component  B  with  0-0  since  the  dot  product  is 

K 

to  be  taken  with  rot  and  m  is  R  directed  when  6-0. 

3 


D  mk"  ,  2 .  1  .  2  1  >  _  , 

BR  “  Alt  U((kR)3  (kR)  ‘  j  3  ‘  A  kR  + 


) 


(5-14) 


(5-15) 


The  homogeneous  field  of  the  dipole  is  the  R  independent  portion  of  the 
total  field 


B 


.  3 
3  6r 


(5-16) 


and  Bq  is  equal  to  two  times  B.  Then  the  power  radiated  is  given  by 

„  2k~*;-u2 - a  k^  /TT _ * 

P«  *  v, — m«m  -  ■=—  /  t  ®*m 


loss  2  •  4tr  ■  3 


3tt  e 


(5-17) 


The  impedance  represented  by  this  radiation  loss  is  obtained  by 
arranging  Eq.  5-16  in  the  form  of  Eq.  5-7.  Thus,  using  the  total  field 
at  the  reflector 

H  _  _  2k3 

m  '  6tr 


(5-18) 


then  from  Eq.  5-7 

Z(radiation)  -  Rd  -  (5-19) 

Since  in  Is  related  to  the  current,  end  the  same  m  excites  both  fields, 

Che  equivalent  circuit  will  be  a  radiation  resistance  in  series  with  the 
shunt  resonant  circuit  representing  the  resonator  mode. 

The  elements  of  the  equivalent  circuit  have  been  derived  from  the 
ratio  of  H  to  m  for  the  resonator  and  for  the  radiation  fields.  The  dipole 
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moment  m  is  proportional  to  the  incident  field  on  the  aperture  and  to  the 


size  and  shape  of  the  aperture. 


m  »  -  (5-20) 

where  m  is  the  polarizability  of  the  aperture  and  is  the  magnetic  field 
strength  incident  on  the  aperture.  For  a  small  circular  aperture  of  radius 
aQ 

m  ■  -  ■§  a"*  and  m  ■  -  4  (2H.)  (5-21) 

6  o  3  o  1 

The  polarizabilities  for  other  common  small  aperture  shapes  also  have 
been  determined  and  tabulated.  From  £q.  5-21  with  H  *  2H^  combined 

with  Eq.  5-7 


«.  -1.-3.  -  jk3/S2 

”  8  o  J  c  ' 


m 


e  o 


Using  this  form  a  value  of  Z  , 

3 

a  .3 

n  J 


Za  -  '  J  I  ^  <f  >'3  73  -  -  )'3‘  '  3‘-5‘<X>'3 

o7T 


(5-22) 


referred  to  the  field  on  one  side  of  the  aperture  is  obtained.  For  trans¬ 


mission  through  the  aperture,  the  total  Z  is  twice  Z 


-3 


ao  -3 


32 


Z  -  2Zg  -  -  j9.12(J)  -  -  jl,144(-f) 

and  is  in  agreement  with  the  equivalent  circuit  element  given  by  Goubau 

Also  according  to  Goubau,  when  the  coupling  through  an  iris  is  from  a 
waveguide  section,  there  is  an  impedance  transformation  from  the  impedance 
of  the  waveguide.  This  is  represented  by  a  quarter  wavelength  line  section 
whose  characteristic  impedance  is  given  by 


(5-23) 


30.  S . B.  Cohn,  'Determination  of  Aperture  Parameters  by  Electrolytic  Tank 
Measurements,"  Proc.  IRE,  vol.  39,  1951,  pp.  1416-1421. 

31.  G.  Matthaei,  L.  Young,  E.  Jones,  Microwave  Filters,  Impedance  Matching 
Networks  and  Coupling  Structures,  McGraw-Hill,  New  York,  1964,  pp.  232- 
235. 

32.  G.  Goubau,  Electromagnetische  Wellenleiter  und  Kohlraume,  Wissenschaf tliche 
Verlagsgesellschaf t,  M.B.H.,  Stuttgart,  Germany,  1955,  p.  402. 
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7200  -4 


(5-24) 
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where  a  and  b  are  respectively  the  width  and  the  height  of  the  waveguide, 
and  X  is  the  free  space  wavelength  at  the  frequency  of  operation.  The  com¬ 
plete  equivalent  circuit  for  the  singly  coupled  confocai  half  resonator  is 
shown  in  Fig.  5-1. 

When  coupling  is  performed  at  the  curved  reflector,  the  magnitude  of 
the  power  coupled  into  the  resonator  for  a  fixed  m  is  reduced  due  to  the 
wider  distribution  of  the  beam.  Since  at  the  curved  surface  the  magnitude 
of  the  B  field  will  be  1  fJl  of  its  value  at  the  plane  z«*0,  the  effective 
real  part  of  the  impedance  seen  by  the  coupling  aperture  will  be  reduced  by 
a  factor  of  1//2  also. 

This  reduction  in  coupling  strength  at  the  curved  reflector  can  be  in¬ 
cluded  in  the  equivalent  circuit  by  using  an  ideal  transformer  of  turns  ratio 
1/A 

2  :1.  A  complete  equivalent  circuit  for  a  confocai  half  resonator  with 

small  circular  apertures  and  fed  from  a  waveguide  at  both  input  and  output 
ports  is  shown  in  Fig.  5-2. 

In  order  to  reduce  the  circuit  of  Fig.  5-2  and  simplify  analysis,  all 
elements  except  the  paiallel  tank  circuit  are  transformed  to  the  source  or 
load  sides  of  the  A/A  transformers  at  the  input  and  output  respectively. 

The  transformed  aperture  impedance  becomes 


or 


Z 


Rd+2jwLa 


(5-25) 


(5-26) 


t  t 

A  shunt  parallel  resonant  circuit  to  which  input  and  output  coupling  is 
performed  via  quarter  wave  transformers  will  appear  as  a  series  resonant  cir¬ 
cuit  in  series  with  the  line,  and  of  the  transformed  impedance 
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FIG.  5  -  1 

EQUIVALENT  CIRCUIT  TO  SINGLY 
COUPLED  CONFOCAL  HALF  RESONATOR 
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z  -  ~ 

o  Z 
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From  E a.  5-11 
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J  o  u  Q 
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(w  +  6u)R  R  , 

_ 2 _ °  _  i  _2.  n  +  ifih 
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(5-27) 


where  6u>  Is  the  deviation  of  u  from  u  .  and  6w/w  Is  constrained  to  be 

o  o 

much  less  than  unity  In  magnitude. 

Similarly,  from  Eq.  5-12 


.  u  R  u  R  R  . 

■  i.  ■  -  _2_°  .  _. °  -° _ *  _2_  n  _  £ii\ 

J“CD  J«Q„  !(.„«•)<)„  jQ„  11  »„ 


(5-28) 


Combining  Eqs.  5-10,  5-24,  and  5-25, 


Y  -  i+  juC  -  j-p- 
o  R  J  o  J  uL 


Y  .1,+  jZuiis 

o  R  T  3  R  « 


(5-29) 


2  2 
,  2Z  Q 

Z  .  -i-  +  j  —2 
o  R  3  R  u 

O  O  o 

in  the  vicinity  of  u  ■ 


(5.30) 


A  further  reduction  will  bring  the  output  coupling  elements  and  the 
load  impedance  Z^  from  the  secondary  to  the  primary  side  of  the  2*^:1 
transformer.  The  reduced  equivalent  circuit  now  appears  as  in  Fig.  5-3 
and  is  of  the  form  of  the  circuit  analysed  in  Appendix  B  of  this  report  and 


shown  in  Fig.  B-l. 


C.  Con focal  Full  Resonator 


In  order  to  formulate  the  equivalent  circuit  for  the  full  confocal  re¬ 
sonator,  no  change  in  the  coupling  elements  is  required,  nor  is  the  radia¬ 
tion  resistance  R^  affected  since  these  quantities  are  not  functions  of 
the  resonator  geometry  as  derived.  Idea)  transformers  with  2^Sl  turns 


ratios  are  employed  both  at  the  input  and  the  output  since  both  couplings 
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FIG.  5-3 

REDUCED  EQUIVALENT  CIRCUIT 
CONFOCAL  HALF  RESONATOR 
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are  in  curved  reflectors  where  the  beam  density  is  reduced  below  that  used 
in  calculating  the  resistance  of  the  resonator  equivalent  circuit.  For 
fixed  field  amplitudes,  the  energy  stored  in  the  full  resonator  is  twice 
that  stored  in  the  half  resonator  for  equal  field  amplitudes  at  the  plane 
z=0.  An  inspection  of  Eqs.  5-3  through  5-10  shows  this  change  in  energy 
storage  appears  as  a  reduction  by  a  factor  of  2  in  Rq  of  Eq.  5-10.  Thus 
for  the  full  resonator 


r  .i/ii. 

o  7  7  f  7 

K  up  D  k  L  D  1 
o 

The  quantities  1.^  and  Cq  are  still  determined  from  Eqs.  5-11  and  5-12. 
The  reduced  equivalent  circuit  for  the  full  confocal  resonator  is  shown 
in  Fig.  5-4. 


(5 


D.  Equivalent  Circuits  for  Higher  Modes 
To  complete  the  analysis  for  the  equivalent  circuit  of  a  coupled  con- 
focal  resonator,  the  effect  of  higher  order  modes  must  be  added  to  the  re¬ 
sonator  equivalent  circuit.  Calculations  show  that  for  both  full  and  half 
confocal  resonators  there  will  be  hip  ter  mode  excitation  when  there  is  a 
coupling  aperture  in  one  of  the  reflectors.  The  presence  of  higher  mode 
fields  has  also  been  indicated  by  the  field  perturbation  measurements. 
Furthermore  calculations  indicated  that  the  field  amplitude  of  the  higher 
order  mode  will  be  a  function  of  the  aperture  size.  In  these  calculations 
it  has  been  assumed  that  most  of  the  energy  is  transferred  into  these  higher 
order  modes  from  the  high  energy  field  of  the  low  loss  dominant  mode  through 
the  perturbation  caused  by  the  coupling  apertures. 

Measurements  show  that  for  the  full  resonator  with  fixed  aperture  sizes 

the  field  distribution  is  distorted  from  that  of  the  lowest  or  L°  mode  and 

o 

the  measured  (unloaded,  uncoupled  Q)  Qqo  values  are  lower  at  the  confocal 
spacing  of  114  cm.  than  those  measured  at  a  reflector  separation  of  108  cm. 


FIG.  5-4 

REDUCED  EQUIVALENT  CIRCUIT 
CONFOCAL  FULL  RESONATOR 
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The  calculations  show  that  the  cross-node  coupling  is  strongest  to  the  L° 
mode  from  the  L°  mode.  Since  the  degree  of  coupling  between  the  two  modes 
is  a  function  of  the  amount  of  overlap  in  their  respective  resonant  re¬ 
sponses,  and  since  the  resonance  conditions  are  functions  of  both  the  mode 
numbers  and  the  reflector  separation,  the  coupling  between  modes  will  be  a 
function  of  reflector  separation.  The  relative  coupling  will  be  a  maximum 
when  both  modes  are  resonant  at  the  same  reflector  spacing  and  frequency. 
For  a  fixed  frequency,  the  coupling  will  approach  zero  when  the  resonances 
are  separated  far  enough  so  that  the  responses  no  longer  overlap. 

It  will  be  assumed  that  a  fifty  percent  reduction  in  coupling  will 
take  place  at  a  reflector  separation  where  the  peak  of  the  low  Q  mode 
response  coincides  with  the  3  db  point  on  the  dominant  mode  response  as 
illustrated  in  Fig.  5-5.  Thus  the  resonant  frequency  of  the  L°  mode  is 
separated  from  the  resonant  frequency  of  the  L°  mode  by  a  frequency  dif¬ 
ference  equal  to  one-half  of  the  3  db  bandwidth  of  the  L°  mode.  In  order 
to  calculate  the  amount  that  the  reflector  separation  must  be  changed 
from  the  confocal  condition  to  achieve  this  frequency  separation  of  the 
modes,  the  resonance condition  given  by  Eq.  4-25  will  be  used  with  M  being 
the  number  of  integer  half  wavelengths  of  reflector  separation. 


M|  -  kD/2  -  (2n4vFl)tan-1(-2-y) 


with  \r*0,  and  using  the  relation 


*>:  ■  >«  -  b  f  >1/z 

which  is  identical  to  Eq.  4-28  under  the  condition  of  identical  reflectors 


separated  by  a  length  D  and  with  the  change  of  notation  that  b  ■  focal  length 
of  the  reflectors.  Then 

k  ~  -  (2n+l) tan”1  (-■  L  )  -  M  £  (5-32) 

z  /  4b,  i  z 
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a)  INDIVIDUAL  MODE  RESPONSES 


b)  RELATIVE  MODE  COUPLING  VERSUS  SEPARATION 


c)  COUPLED  MODE  MEASURED  Q  VERSUS  SEPARATION 


FIG.  5-5 

MULTIPLE  MODE  RESPONSE  VERSUS  SEPARATION 
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Frotc  k  *  2tt/A  -  2irf/c, 


(5-36) 


Then 


Af,  -  Af.  -  ^  (1  -  h  (5-29) 

2D 

It  is  now  desired  to  find  the  value  of  AD  which  will  cause  the  resonance 
frequencies  for  the  two  modes  to  differ  by  one  half  on  the  3  db  bandwidth 
of  the  fundamental  mode.  Recall  that  this  is  the  condition  under  which 
the  coupling  between  the  modes  is  assumed  to  have  been  reduced  by  fifty 
percent  from  its  maximum  value. 

Measurements  made  on  a  particular  resonator  show  that  half  the  dif¬ 
ference  between  the  minimum  and  maximum  values  of  Q  was  approximately 
150,000.  Also  for  a  resonant  frequency  of  35.07  GHz,  one  half  on  the  3  db 
bandwidth  was  1.17  MHz.  Solving  Eq.  5-39  for  AD  with 

c  -  3  x  10®  m/sec 
and  D  ”  114  cm. 
yields  AD  ■  .  82  cm. 

The  changes  in  reflector  spacing  on  either  side  of  confocal  spacing  at  which 
Q  values  of  150,000  were  measured,  were  3.5  cm  and  3.0  cm.  Within  the  limits 
of  experimental  error  and  the  approximations  made,  the  calculated  and  mea¬ 
sured  values  are  in  excellent  agreement.  This  is  further  proof  that  in  the 
full  resonator,  a  decrease  in  Q  for  the  dominant  mode  takes  place  in  the  vi¬ 
cinity  of  confocal  spacing  and  is  due  to  coupling  to  the  L°  mode.  It  also 
appears  that  the  dominant  coupling  mechanism  between  the  two  modes  is  the 
perturbation  introduced  by  che  presence  of  the  coupling  apertures  in  the 
reflectors. 

The  lumped  element  equivalent  circuit  for  a  higher  order  mode  may  be 

formulated  in  the  same  manner  as  that  used  for  the  dominant  mode.  For 

o  c 

equal  field  magnitudes,  the  energy  stored  in  the  Lq  and  modes  will  have 
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2 

the  same  total  energy  for  the  same  field  amplitude  constant  (Eqv  for 
confocal  spacing  with  v“0,  Eq.  4-24).  In  Eqs.  5-3  through  5-10  the  ex¬ 
pression  for  Rq  is  the  same  for  both  modes.  The  quantity  Qu  is,  with  the 
exception  of  the  resonance  conditions  of  frequency  versus  reflector  sepa¬ 
ration,  the  only  mode  dependent  factor.  The  coupling  element  values  are 
not  functions  of  the  resonator  mode,  and  hence  the  equivalent  circuit  of  the 
second  mode  becomes  a  parallel  tuned  resonant  circuit  Y^  in  series  with  the 

Y  calculated  for  the  fundamental  mode.  This  is  shown  in  Fig.  5-6.  In  the 
o 

reduced  equivalent  circuit  also  shown  in  Fig.  5-6,  the  L°  mode  is  repre- 

t 

sented  as  a  series  resonant  circuit  in  parallel  with  Zq .  This  series  cir¬ 
cuit  is  given  by 


.  Z2  2Z?Q 

Zo2  "  R  +  R  u 

°2  °2  °2 


(5-40) 


where  the  subscript  2  refers  to  the  elements  of  the  mode  circuit.  uo 
will  only  be  equal  to  wq  at  confocal  spacing  of  the  resonator  reflectors. 

E.  Applications  of  the  Equivalent  Circuits 
An  example  of  the  application  of  the  equivalent  circuit  will  be  given 
which  will  also  serve  to  confirm  the  validity  of  the  representation.  The 
full  resonator  equivalent  circuit  shown  in  Fig.  5-4  will  be  treated.  It 
will  be  assumed  that  the  resonator  length  has  been  changed  just  enough  from 
the  confocal  length  so  that  the  L°  mode  resonates  alone.  The  output  wave¬ 
guide  is  to  be  terminated  in  a  variable  position  short  circuit.  Then  the 

t 

unloaded  Q  measured  at  the  input  port  will  be  a  function  of  Zq  in  series 
with  the  parallel  combination  of  Y^/Zz  and  the  variable  position  short  cir¬ 
cuit  which  presents  values  of  reactance  between  the  extremes  of  an  open 
circuit  and  a  short  circuit.  Actual  measurements  made  on  such  a  configura¬ 
tion  are  plotted  in  Fig.  5-7  and  show  the  unloaded  Q  versus  the  position  of 
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SHORT  CIRCUIT  DISTANCE  BACK  FROM  REFERENCE  PLANE  -  CM 


the  variable  short  circuit  terminating  the  output  coupling  aperture. 

The  test  resonator  had  a  D  ■  108  cm.,  an  f  ■  35.0  GHz,  and  RG96/u 

o 

waveguides  at  each  port  by  means  of  which  coupling  to  the  resonator  was 
accomplished.  In  RG96/u  waveguide  at  fQ, 


therefore  Z  *  377(1.25)  * 

c 

z 

From  Eq.  5-31  with  D  »  108  cm,  k 

4(377)5^ 

°  54ir(i08)2 


472  ohms 
■  2tt/X  and  X  = 

7.64  x  10-4Q 

u 


0.855  cm. 


(5-41) 


and  from  Eq.  5-19 

R ,  -  -  40  ohms 

d  E  3 

The  maximum  value  of  measured  unloaded  Q  will  occur  at  the  input  port 
when  the  position  of  the  short  circuit  is  such  that  an  effective  open  cir¬ 
cuit  is  present  at  the  reference  plane  T2  of  the  equivalent  circuit  (Fig.  5-2) 
which  separates  the  output  waveguide  elements  from  the  resonator  elements. 
Under  this  condition,  the  internal  losses  are  due  only  to  Rq  which  is  given 
by  Eq.  5-41  as 


R  -  7.54  x  10_4  Q  _ 
o  u  max 

When  Q  is  553,000,  obtained  from  theoretical  loss  calculations,  then 

u  max 

R  ■  422  ohms.  The  lowest  measured  value  of  Q  will  be  obtained  when  the 
o  u 

short  circuit  is  so  positioned  that  the  radiation  resistance  effctively 
shunts  tne  resonator.  On  the  resonator  side  of  the  coupling  transformer 


(3-42) 


R^  -  56.6  ohms 

The  parallel  combination  of  Rq  and  ✓?  R^  gives  an  effective  Rq  of 

r'  ■  [R  ,||/2R, ]  -  50  ohms 
o  o  a 
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For  negligible  change  in  the  reactive  components  of  the  parallel  resonant 
circuit;  i.e.,  constant  stored  energy,  the  unloaded  Q  and  the  effective 
value  of  Rq  are  still  related  by  Eq.  5-41. 


resonating  and  that  the  tapered  waveguide  and  slot  feed  used  was  approxi¬ 
mated  by  the  circular  iris  equivalent  circuit.  The  degree  to  which  this 
can  be  expected  to  hold  would  depend  on  the  validity  of  representing  the 
aperture  field  by  a  single  dipole  .oment  m,  and  the  degree  to  which  the 
iris  equivalent  inductance  L&  effected  the  matched  load  condition. 

A  second  application  illustrating  the  usefulness  of  the  equivalent 
circuit  for  a  beam  vrve°,uide  resonator,  will  compare  Q  measurements  made 
on  a  half  resonator  with  the  behavior  of  the  equivalent  circuit  of  Pig.  5-2. 
The  input  coupling  is  at  the  curved  reflector  and  is  also  where  the  measure¬ 
ments  were  made.  The  size  of  an  aperture  in  the  flat  reflector  (at  z*0) 
was  varied.  Due  to  the  thickness  of  the  plate  in  which  the  aperture  was 
located  (approx.  1/16  inch),  the  aperture  was  non-transmitting  until  the 
aperture  diameter  was  made  greater  than  the  thickness.  The  radiation 
resistance  of  the  aperture  for  radiation  into  a  half  space  was  shown  to  be 
40  ohms  in  the  previous  application  of  the  equivalent  circuit.  If  the 
aperture  is  free  to  radiate  into  all  space,  l.e.,  both  transmission  through 
and  reflection  from  the  aperture,  the  radiation  resistance  would  be  20  ohms. 

By  Eq.  5-10 


R  -  A/E  _L_  o  _ 

o  .  3  e  2n  qu  .2 

k  TTp  D  k 

o 

R  -  1.77  x  10-3Q 
o  u 


1/lA 

2  f  2 


E  PD*  'U 


Q„  - 


4(377) 


54tt(114) 


2  Hu 


For  a  parallel  resonant  circuit 


Q  - 


u>  C 
o 


u  L 
o 


Thus  by  comparison  of  Eq.  5-43  and  Eq.  5-44, 

,-3 


w  L  ■  1.77  x  10  ohms 
o 


(5-43) 


(5-44) 
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The  presence  of  the  aperture  in  the  flat  reflector  adds 


Z  -  R .  +  2  jtuL 
a  d  J  a 

In  parallel  with  R  .  The  effective  value  of  R  as  measured  at  the  input 
o  o 

port  is  given  by 


°  +  Re[~— *---  ]  ±  + 


1 

3l 


R°  lRd+2J^aJ  *o  (Rj)2+(2uL  )2 


and 


j  ,  _J_  r  _ 1 

u  w  L  1  1  \  ^d" 

o  o  r~  + 


]  - 


1 


80  (Rd)2+(2a>L  ): 


1  “'o^Q^d 

0  +  •)  2 
%  (Rj  )“4-(2o)L  V 
max  «  a 


(5-45) 


(5-46) 


Equation  5-46  for  Qu  is  plotted  in  Fig.  5-8  as  a  function  of  the  iris  radius 
aQ  for  the  reflection  loss  case.  Also  shown  in  Fig.  5-8  is  the  case  of  the 
combined  transmission  and  reflection  loss  represented  by  Eq.  5-48  where  the 
effective  resistance  shunting  RQ  is 


and 


1/2  Re 


1 

Rd  +  2j“La 


1 


max 


+ 


JL _ 

u  L  R./2 
o  o  d 

(Rd)2+(2u>La)2 


(5-47) 


(5-48) 


Also  plotted  for  comparison  is  the  measured  data  for  this  configuration. 
The  constants  used  for  the  calculated  values  were 


Q  -  294,000 
u 

max 

ao  -3  -3 

2uL  -  l.l44(-r)  -  0.71  a 

a  A  o 

A  “  0.855  cm. 


A  transition  from  the  behavior  expected  when  reflection  losses  alone 
are  present,  to  that  predicted  when  transmission  losses  through  the  aperture 
are  also  present  is  shown  in  Fig.  5-8.  The  measured  curve  shows  reasonably 
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good  agreement  with  predicted  values.  The  predicted  Q  for  the  resonator 
when  ao“0  is  much  higher  than  the  measured  value.  This  discrepancy  Is  be¬ 
lieved  due  to  an  unaccounted  for  factor  in  calculating  the  theoretical 
losses,  and  may  lie  either  in  the  value  of  the  end  plate  resistance  or  in 
the  fact  that  the  L°  mode  may  have  been  present  in  the  resonator. 

VI.  CONCLUSIONS  AND  RECOMMENDATIONS 
The  principle  objective  of  this  research  has  been  to  explore  the  use 
of  beam  waveguide  resonators  as  circuit  elements  at  millimeter  wave  fre¬ 
quencies.  While  a  detailed  summary  of  the  derivation  of  the  resonator 
characteristics  described  in  section  IV  was  not  presented,  the  extensive 
bibliography  referenced  throughout  will  aid  in  locating  an  analysis  for 
a  particular  geometry  if  such  an  analysis  is  desired. 

The  emphasis  in  the  presentation  of  the  resonator  characteristics  of 
section  IV  was  on  the  diffraction  losses  and  resonant  frequencies  as  func¬ 
tions  of  the  geometry  and  the  mode  number.  The  equations  governing  the 
energy  distribution  for  the  various  modes  and  plots  of  the  field  distri¬ 
butions  for  some  low  loss  modes  are  presented  for  the  confocal  geometry. 

An  analysis  has  also  been  presented  of  an  equivalence  relation  by  means 
of  which  the  diffraction  losses  for  non-confocal  resonators  of  either  full 
length  or  half  length  may  be  determined  from  the  diffraction  loss  versus 
geometry  function  of  Fig.  4-7  for  a  confocal  resonator. 

Generally  neglected  in  many  analytical  studies,  but  important  in  re¬ 
sonators  designed  to  have  high  unloaded  Q  values  at  microwave  frequencies 
are  the  resistive  losses  due  to  the  metal  reflecting  surfaces.  These 
losses  are  calculated  for  the  three  most  common  reflector  materials  in 
terms  of  a  db  power  loss  per  reflection. 
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Early  experimental  difficult?  s  were  encountered;  the  principle  one 
was  the  inability  tc  obtain  the  theoretically  predicted  high  Q  values  at 
35  GHz.  Coupling  tc  the  resonator  was  with  circular  apertures  excited 
through  a  circular  transition  from  standard  rectangular  waveguide.  Tills 
coupling  problem  has  not  been  reported  on  in  other  experimental  studies 
that  have  been  made  on  open  resonators,  and  it  did  not  appear  when  coaxial 
loop  coupling  was  used  with  these  resonators  in  a  series  of  X-band  experi¬ 
ments.  A  calculation  was  made  of  the  power  loss  from  the  resonator  due 
to  radiation  from  an  equivalent  magnetic  dipole  induced  in  a  small  cir¬ 
cular  aperture  by  the  resonator  field,  and  rough  agreement  between  this 
loss  and  the  unaccounted  for  losses  of  the  test  resonator  was  obtained. 

A  series  of  experiments  was  performed  to  study  in  greater  detail  the 
departures  from  the  theoretically  predicted  behavior  of  the  resonators 
which  might  be  due  entirely  or  in  part  to  the  presence  of  the  coupling 
apertures  in  the  reflectors.  The  equipment  used  for  these  experiments, 
which  was  a  swept  frequency  generator  and  a  generator  for  point  by  point 
response  measurements,  is  described  in  Appendix  A.  A  discussion  of  the 
reflected  response  of  a  coupled  resonant  circuit  is  given  in  Appendix  B. 

The  equations  presented  in  Appendix  B  were  used  to  obtain  information  about 
the  resonator  properties  from  measurements. 

With  respect  to  the  radiation  loss  caused  by  an  aperture  in  a  reflec¬ 
tor,  agreement  was  obtained  with  the  predicted  values  frum  small  aperture 
theory,  within  the  limits  of  experimental  error.  This  applies  to  circular 
apertures  with  radii  approaching  a  quarter  wavelength.  Since  this  aperture 
was  essentially  a  circular  waveguide  operating  in  the  cutoff  frequency 
region  and  of  finite  length,  the  radiation  loss  was  predominantly  back- 
scatter  from  the  aperture. 
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For  chin  apertures,  the  radiation  loss  is  due  to  backscatter  and  to 
transmission  through  the  aperture.  This  latter  loss  was  verified  by  the 
increase  in  loss  measured  as  a  function  of  aperture  size.  This  increase 
in  loss  is  in  general  agreement  with  the  difference  in  loss  obtained  be¬ 
tween  a  transmitting  and  non-transmitting  aperture  shown  in  Fig.  5-8. 

The  experimental  data  (shown  in  Fig.  5-7)  obtained  when  a  small  aper¬ 
ture  in  the  center  of  the  curved  reflector  of  a  full  resonator  was  ter¬ 
minated  in  a  variable  position  short  circuit  and  when  it  was  terminated 
in  a  matched  load  showed  the  drastic  effect  on  the  characteristics  of  an 
open  resonator  which  can  take  place.  A  comparison  of  the  maximum  and 
minimum  Q  values  obtained  as  a  function  of  the  position  of  the  short  cir¬ 
cuit  with  the  Q  value  obtained  when  the  aperture  was  terminated  in  a  match¬ 
ed  load  indicates  that  the  phase  angle  of  the  effective  reflection  coeffi¬ 
cient  of  the  resonator  load  is  more  Important  than  the  magnitude.  Coup¬ 
ling  energy  cut  of  the  resonator  into  a  resistive  load  causes  a  decrease 
in  the  Q  below  the  value  obtainable  with  a  reactive  termination,  but  it  is 
not  a  condition  which  leads  to  minimum  Q.  The  calculations  of  pp.  52 
through  53  show  that  the  minimum  and  maximum  values  of  measured  Q  are 
related  to  whether  the  radiation  resistance  of  one  aperture  is  effectively 
open  circuited  or  short  circuited  by  the  reactive  load. 

The  low  Q  values  obtained  at  confocal  spacing,  coupled  with  the  fact 
that:  the  Q  appeared  to  rise  when  the  reflectors  were  moved  in  either  di¬ 
rection  from  confocal  separation  led  to  investigation  of  the  unloaded  Q 
versus  reflector  spacing.  It  was  found  that  the  Q  decreased  in  the  area 
of  confocal  operation  for  the  full  resonator,  but  no  noticeable  decrease 
in  Q  was  found  for  the  half  confocal  resonator.  The  possible  existence 
of  an  optical  instability  region  of  operation  for  a  full  resonator  is 
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described  on  pp.  12  and  13.  This  unstable  operation  occurs  when  the  radii 
of  curvature  for  the  two  reflectors  are  different,  and  the  separation  be¬ 
tween  the  reflectors  falls  between  the  two  radii  of  curvature.  Measure¬ 
ments  of  the  radii  of  curvature  cf  the  reflectors  for  the  test  resonator 
showed  that  they  were  identical  to  within  +0.5  inch.  If  present,  this 
region  of  instability  would  occur  over  too  narrow  a  range  of  reflector 
separations  to  account  for  the  broad  decrease  in  Q  measured  near  confocal 
spacing. 

A  discussion  of  the  multiple  mode  operation  of  the  full  and  half  re¬ 
sonator  is  given  in  Appendix  C.  The  tabulation  in  Table  C-2  of  Appendix  C 
8 hows  that  the  two  resonators  are  not  equivalent  in  their  resonance  char¬ 
acteristics.  In  particular,  the  mode  is  simultaneously  resonant  with 
the  L°  mode  in  the  half  resonator,  while  both  the  L°  and  L°  modes  are  simul¬ 
taneously  resonant  witi.  the  L°  dominant  mode  in  the  full  resonator.  Both 
of  these  modes  have  the  same  angular  symmetry  as  the  dominant  mode  and  are 
the  next  most  likely  modes  to  be  excited.  Calculations  Indicate  that  the 
presence  of  coupling  apertures  in  either  type  of  resonator  can  cause  trans¬ 
fer  of  energy  from  the  dominant  mode  to  the  higher  loss  mode.  The  presence 
of  these  higher  loss  modes  was  also  indicated  from  measurements  made  of  the 
radial  fields  in  the  resonator  for  various  aperture  diameters.  The  calcu¬ 
lations  in  section  V  concerning  the  range  of  reflector  separation  over 

which  the  L°  mode  and  the  L?  mode  in  the  full  resonator  can  interact  are 
o  1 

in  good  agreement  with  the  range  of  separation  over  which  the  low  Q  values 
were  actually  measured. 

As  a  result  of  this  investigation,  emphasis  must  be  placed  on  two  dif¬ 
ferences  which  exist  between  the  beam  waveguide  resonators  and  conventional 
closed  cavity  resonators.  The  first  of  these  is  the  predominantly  real 
Impedance  Introduced  into  the  resonator  by  the  coupling  apertures.  Whereas 
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in  a  closed  cavity  resonator  a  perturbation  of  the  boundaxy conditions  can 
generally  be  represented  as  a  reactance  and  primarily  affects  only  the  re¬ 
sonant  frequency  or  cut-off  frequency,  in  the  beam  waveguide  or  beam  wave¬ 
guide  resonator  a  perturbation  of  the  boundary  conditions  will  cause  radia¬ 
tion  and  will  be  primarily  represented  by  a  resistive  effect.  The  per¬ 
turbation  in  an  open  resonator  will  primarily  affect  the  Q  of  the  device 
rather  than  the  resonant  frequency.  The  second  difference  which  must  be 
emphasized  is  the  inherent  multi-mode  nature  of  the  confocal  full  and  half 
resonators.  While  the  modes  are,  in  the  ideal  sense,  orthogonal,  the 
coupling  apertures  in  the  reflectors  couple  energy  from  the  dominant  low 
loss  mode  to  the  higher  order  high  loss  modes.  The  experiments  have 
shown  that  this  coupling  can  become  quite  strong  when  aperture  sizes 
approach  the  dimensions  of  a  half  wavelength  at  the  resonant  frequency. 

To  complete  this  investigation  of  beam  waveguide  resonators  for  milli¬ 
meter  wave  circuit  applications,  lumped  element  equivalent  circuits  for 
both  full  and  half  resonators  are  derived  in  section  V.  The  effects  of 
small  circular  coupling  apertures  are  accounted  for  in  the  equivalent  cir¬ 
cuits  including  the  radi  tion  losses  introduced  by  the  apertures.  The 
analysis  made  will  apply  to  any  point  source  excitation,  if  suitable  ex¬ 
pressions  for  the  coupling  element  impedance  are  used,  and  a  relation  be¬ 
tween  the  Induced  magnetic  moment  in  the  aperture  and  the  field  quantities 
can  be  found  as  a  function  of  the  geometry.  While  the  equivalent  circuits 
that  were  derived  are  for  single  mode  operation  of  the  resonators,  a  dis¬ 
cussion  is  Included  concerning  the  addition  of  resonant  circuits  to  repre¬ 
sent  higher  mode  effects. 

With  the  aid  of  the  equivalent  circuits  and  by  application  of  stan¬ 
dard  network  analysis,  it  is  believed  that  the  radiation  losses  intro¬ 
duced  by  the  coupling  apertures  can  be  minimized  for  desired  operating 
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conditions  of  Q  and  Insertion  loss.  In  order  to  minimize  multi-mode 
operation  and  the  attendant  problems.  It  is  recommended  that  the  confo- 
cal  half  resonator  be  used  whenever  possible.  When  the  full  resonator 
Is  used  operation  at  a  reflector  separation  slightly  different  from  con- 
focal  spacing  Is  recommended.  The  change  In  reflector  separation  neces¬ 
sary  from  confocal  spacing  will  depend  on  the  Q  for  the  fundamental  mode, 
and  may  be  calculated  by  the  method  used  on  pp.  45  through  48  keeping 
In  mind  the  approximations  involved. 
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VIII.  APPENDIX  A 


MEASURING  EQUIPMENT  AND  PROCEDURES 

During  the  course  of  the  experimental  study  on  which  this  report  is 
based,  it  was  necessary  to  perform  certain  measurements  repeatedly  on  many 
open  resonator  structures.  In  order  to  facilitate  these  measurements  cer¬ 
tain  special  equipment  was  constructed,  and  measurement  procedures  were 
standardized. 

All  of  the  data  obtained  on  resonant  structures  required  only  that 
relative  power  and  frequency  be  measured.  A  block  diagram  of  the  signal 
generator  portion  of  the  test  equipment  is  shown  in  Fig.  A-l.  As  much 
of  the  microwave  circuitry  as  possible  was  mounted  on  a  portable  chassis 
to  achieve  flexibility.  As  assembled,  the  generator  is  capable  of  de¬ 
livering  14  milliwatts  from  34.0  GHz  to  35.5  GHz. 

Any  one  of  several  modes  of  operation  may  be  selected  by  using  the 
waveguide  switches  and  the  klystron  repeller  control  switches.  With  the 
aid  of  the  Dymec  Model  2650A  Frequency  Synchronizer,  the  VA-97  klystron 
may  be  locked  in  phase  30  MHz  away  from  a  stable,  spectrally  pure  signal 
from  a  frequency  multiplier  chain.  The  30  MHz  difference  signal  gener¬ 
ated  by  the  klystron  and  the  frequency  multiplier  is  phase  locked  to  a 
30  MHz  reference  signal.  For  fixed  frequency  operation,  the  third  har¬ 
monic  of  a  10  MHz  crystal  oscillator  contained  in  the  Dymec  may  be  used 
as  a  reference.  Foi  variable  frequency  operation  over  a  narrow  range 
while  phase  locked,  an  external  variable  frequency  oscillator  nea.’  30  MHz 
may  be  used.  The  phase  comparison  circuit  permits  the  difference  fre¬ 
quency  tc  bp  varied  from  28  MHz  to  32  MHz.  Since  the  frequency  change  is 
direct,  i.e.,  a  1  MHz  change  in  the  30  MHz  reference  frequency  produces  a 
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FIG.A-1 

35GHz  MULTIFUNCTION  SIGNAL  GENERATOR 


1  MHz  change  in  the  klystron  frequency,  the  30  MHz  reference  oscillator 

A 

need  only  be  stable  to  one  part  in  10  for  a  klystron  stability  of  one 
part  in  10^. 

With  the  phase  lock  loop  disconnected,  the  repeller  of  the  klystron 
may  be  modulated  to  obtain  either  swept  frequency  or  pulse  operation.  As 
shown  in  Fig.  A-2a,  60  Hz  power  raav  be  switched  to  the  repeller  to  obtain 
a  variable  width  60  Hz  swept  frequency  from  the  klystron.  The  60  Hz  sig¬ 
nal  is  also  fed  to  a  terminal  on  the  rear  of  the  chassis  and  may  be  used 
for  the  blanking  voltage  on  an  oscilloscope. 

The  diode  modulator  of  Fig.  A-2b  inserted  after  the  frequency  con¬ 
trol  loop,  permits  the  klystron  output  to  be  amplitude  modulated  in  either 
the  phase  locked  or  swept  frequency  modes  of  operation.  The  variable  po¬ 
sition  short  circuit  permits  the  amplitude  of  the  carrier  relative  to  the 
amplitude  of  the  sidebands  to  be  controlled  up  to  complete  carrier  sup¬ 
pression.  The  modulation  range  is  from  a  few  kilohertz  to  50  MHz  using 
a  1N53  microwave  diode;  the  modulating  signal  being  supplied  from  an  ex¬ 
ternal  source. 

Incorporating  the  frequency  discriminator  shown  in  Fig.  A-3  and  moni¬ 
toring  part  of  the  klystron  output,  makes  available  an  output  voltage  which 
is  a  function  of  the  klystron  frequency.  The  discriminator  output  is  used 
to  drive  the  horizontal  amplifier  of  an  oscilloscope  when  the  klystron  fre¬ 
quency  is  being  swept. 

Much  of  the  circuitry  of  the  generator  was  designed  to  facilitate  the 
use.  oi  a  swept  frequency  response  measurement  procedure  shown  in  Fig.  A-6. 
When  the  signal  is  amplitude  modulated,  three  responses  due  to  the  reson¬ 
ator  are  displayed  on  the  oscilloscope,  one  each  as  the  carrier  and  two 
sidebands  are  swept  through  the  response.  When  the  modulating  frequency  is 
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FIG.A-4  BLOCK  DIAGRAM  FOR  A  SWEPT  FREQUENCY  METHOD  OF  Q  MEASUREMENT 


known,  the  linearity  of  the  display  may  be  adjusted  by  tuning  the  discrim¬ 
inator  and  thus  a  frequency  calibration  of  the  horizontal  scope  scale  can 
be  obtained. 

When  more  accuracy  than  can  be  obtained  by  the  swept  frequency  method 
is  required,  a  point  by  point  measurement  of  amplitude  response  versus  fre¬ 
quency  is  necessary.  The  anticipated  resonator  Q's  in  these  measurements 
was  as  high  as  500,000.  At  35  GHz,  the  half  power  band  width  of  such  a 
response  is  only  70  KHz.  For  an  accurate  measurement  of  such  a  response 
the  spectral  purity  and  stability  of  the  source  must  be  better  than  10  KHz. 

Although  there  will  be  a  degrading  of  the  klystron  stability  due  to 
noise  in  the  phase  lock  loop,  the  most  Important  consideration  is  the  sta¬ 
bility  of  the  reference  signal  to  which  tre  klystron  is  locked.  This  sig¬ 
nal  is  supplied  by  the  combination  of  the  marker  frequency  source  and  the 
frequency  multiplier  and  mixer  shown  in  Fig.  A-l.  The  marker  frequency 
source  is  driven  by  a  crystal  oscillator  using  a  Bliley  type  BG  61A-5,  5 
MHz  crystal  mounted  in  a  proportional  control  oven.  The  oscillator  is 
followed  by  two  buffer  amplifiers.  The  crystal  stability  as  quoted  by 
the  manufacturer  to  be  0.001  ppm/ day.  Using  vacuum  tube  multipliers  and 
amplifiers,  the  5  MHz  reference  is  raised  to  150  MHz  at  10  watts.  A 
varactor  tripler  circuit  converts  this  to  450  MHz  at  5  watts.  The  final 
multiplier  is  driven  at  450  MHz  and  150  milliwatts.  The  excess  rower  is 
dissipated  in  resistive  padding  between  the  multiplier  stages.  The  input 
power  to  the  final  stage  must  be  limited  to  the  dissipation  rating  of  the 
Microwave  Associates  MA  4361  pill  varactor  which  is  mounted  in  a  section 
of  35  GHz  waveguide. 

The  marker  frequency  used  for  phase-locking  was  35.01  GHz,  and  is  the 
78th  harmonic  of  450  MHz.  Markers  are  also  available  for  phase- locking  at 
all  other  multiples  of  450  MHz  within  the  pass  band  of  the  waveguide. 
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Based  on  the  5  MHz  oscillator  stability,  the  stability  of  the  marker  is 
9 

one  part  in  10  short  term.  Checks  with  an  HP  851A/8551A  Spectrum  Ana¬ 
lyzer  showed  that  the  marker  was  stable  to  within  10  MHz  at  35  GHz,  and 
the  phase  locked  klystron  was  also  found  to  havo  a  dispersion  of  less 
than  10  KHz. 

The  receiver  used  to  measure  the  resonator  response  consisted  of  a 
VA-97  klystron  as  a  local  oscillator,  a  balanced  mixer,  a  60  MHz  I.F. 
amplifier  with  100  db  gain  and  a  12  MHz  bandwidth,  a  second  detector, 
and  a  microammeter.  To  prevent  variations  in  the  gain  of  the  I.F.  ampli¬ 
fier  over  its  passband  from  affecting  the  signal  level  indication  on  the 
microammeter,  the  local  oscillator  was  frequency  locked  60  MHz  from  the 
received  signal  by  means  of  a  Micro-Now  Model  201  Microwave  Frequency 
Stabilizer.  The  microammeter  at  the  receiver  output  was  set  at  a  reference 
level,  and  the  change  in  the  received  signal  level  was  determined  by  re¬ 
turning  to  the  reference  level  by  using  a  calibrated  microwave  attenuator 
in  the  signal  path  between  the  transmitter  and  the  receiver. 

Both  the  transmitted  and  reflected  responses  of  resonators  were 
measured.  The  reflected  response  however  yielded  the  most  information 
about  the  resonator  under  test.  The  transmitted  response  provides  mea¬ 
sured  values  of  the  loaded  Q  and  total  insertion  loss.  When  the  coupling 
to  the  resonator  is  sufficiently  weak,  the  measured  Q  approximates  the  un¬ 
loaded  Q.  The  reflected  response  yields  values  of  the  loaded  and  unloaded 
Q,  the  degree  of  coupling,  and  the  losses  associated  with  the  coupling  net¬ 
work.  The  data  necessary  and  the  procedures  for  the  data  evaluation  are 
given  in  ^pendix  B.  The  majority  of  the  data  presented  in  this  report 
has  been  obtained  from  the  measurement  of  the  reflected  response  of  the  re¬ 
sonators.  The  block  diagram  for  the  general  measurement  setun  is  given  in 
Fig.  A-5.  A  coupling  network  used  quite  extensively  is  shown  in  Fig.  A-6. 
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FIG.A-5 

BLOCK  DIAGRAM  OF  EQUIPMENT 
FOR  BEAM  WAVEQUIDE  RESONATOR  RESPONSE  MEASUREMENTS 


INPUT  COUPLING  NETWORK 


The  waveguide  feeding  the  resonator  tapers  gradually  to  the  dimensions  of 
the  narrow  slot  shown.  For  the  coupling  network  of  Fig.  A-6,  the  variable 
attenuator  for  determining  relative  power  would  be  located  between  the  re** 
sonator  and  the  receiver  in  order  that  the  forward  power  monitor  could  be 
used  to  insure  constant  source  power  as  a  function  of  time  and  frequency. 

A  photograph  of  a  typical  confocal  half  resonator  for  testing  is 
shown  in  Fig.  A-7.  The  three  support  rods  are  steel,  with  the  flat  frame 
pieces  made  of  3/8  inch  aluminum.  The  reflectors  are  mounted  at  four 
points  to  the  frame  upright  plates.  Compressible  bushings  between  the  re¬ 
flectors  and  the  frame  allow  reflector  alignment.  The  center  section 
shown  in  FI 3.  A-7  contains  one  of  the  reflectors.  This  section  mounted 
on  three  ball  bushings,  is  movable  and  permits  the  reflector  separation 
to  be  adjusted.  A  micrometer  control,  part  of  which  is  visible  at  the 
far  right  of  Fig.  A-7,  allows  fine  positioning  of  the  reflector  over  a 
2.5  cm  range. 
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35  Gc  BEAM  WAVEGUIDE  RESONATOR 


IX.  APPENDIX  B 


DISCUSSION  OF  Q 

The  quality  factor  or  * Q '  of  a  device,  circuit,  or  medium  may  in  the 
most  general  sense  be  defined  as  the  ratio  of  energy  stored  to  the  rate  ^f 
energy  dissipated.  In  the  case  where  the  energy  stored  is  in  harmonically 

time  varying  electromagnetic  fields,  Q  is  defined  by 

q  „  2Tr  Energy  stored _ 

Energy  dissipated  per  cycle 

or 

W 

Q  -  27tf  J. 

where  f  is  the  frequency 
W  *  stored  energy 

P  ■  the  power  loss,  or  energy  dissipation  per  second. 

For  a  lumped  element  resonant  circuit  or  a  closed  cavity  resonator,  the  Q 
is  normally  specified  at  u  *  uq,  defined  as  the  resonant  angular  frequency, 
at  which  the  stored  energy  is  a  maximum. 

The  concept  of  'Q'  is  not  limited  to  resonant  systems.  It  may  also  be 
applied  to  a  transmission  medium  in  which  case  it  is  a  measure  of  the  rate 
of  dissipation  of  energy  from  a  traveling  wave.  Consider  a  wave  expressed  by 


E  -  EQ(x,y)  exp[-(crt-l8) z] 

Where  a  and  8  are  both  real,  B  is  the  propagation  constant  in  radians  per  unit 
length,  and  a  is  the  attenuation  constant  in  nepers  per  unit  length.  The 
energy  density  is  given  by 
w  =  1/2eEE* 
w  -  l/2sEy  e_2ctz 

and  the  time  rate  of  decrease  of  the  energy  density  is 
dw  dw  dz  ,  _2 .  _  .  -2az 

dT  ’  ii  ii  ■  1«veE0(-2cO  <= 
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and  from  the  expression  for  0 


Q 


dt 


2irf  ( 


1 

v(2a) 


•) 


when  v  is  the  velocity  of  propagation. 

The  power  loss  in  an  Interval  of  length  D  is  given  by 
L,.  -  4.43  ln(l-2aD)  -  8.68aD 

db 

for  a«l.  And  since  f/v  **  1/A 

Q  .  SJfigB  (B-l) 

ALdb 

This  expression  for  the  Q  is  the  most  useful  form  for  use  with  open 
resonators  and  expresses  the  losses  as  a  percentage  over  a  given  interval  or 
iteration.  Care  must  be  used,  however,  in  the  choice  of  the  Interval  D  over 
which  the  losses  are  calculated.  Every  interval  of  length  D  irrespective  of 
the  locations  of  the  end  points  must  have  the  same  total  loss.  Thus,  if  the 
losses  arc  the  same  at  each  reflector  of  the  resonator,  the  Q  may  be  defined 
in  terms  of  the  losses  over  the  Interval  D  where  D  is  the  separation  between 
the  reflectors.  If,  however,  the  losses  are  different  at  the  two  reflectors, 
the  Q  must  be  defined  in  terms  of  a  length  2D  and  the  total  loss  when  ex¬ 
pressed  in  db,  is  the  sum  of  the  losses  at  each  reflector. 

With  the  aid  of  the  information  given  in  section  IV,  the  theoretical  un¬ 
loaded  Q  of  an  open  resonator  may  be  determined  from  a  knowledge  of  the  re¬ 
flector  separation  and  the  diffraction  and  resistive  losses  for  the  reflect¬ 
ors.  For  circuit  applications  and  experimental  studies,  the  0  must  be  ex¬ 
pressible  in  terms  of  the  measurable  quantities  such  as  frequency  and  relative 
power. 

A  general  equivalent  circuit  for  an  open  resonator  is  given  in  Fig.  B-l. 
The  T  networks  at  the  input  and  output  are  general  representations  of  couplinc 
networks.  If  an  ideal  transformer  is  to  be  included  in  the  representation  of 
the  coupling  network,  all  elements  shown  may  be  considered  as  transformed  to 
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the  resonator  side  of  the  transformers.  For  a  shunt  rather  than  a  series 
representation  of  the  resonator,  a  quarter  wave  length  of  transmission  line 
may  be  included  in  and  Z^.  The  reason  for  this  is  that  for  a  cavity  to 
appear  as  a  short  circuit  or  an  open  circuit  at  resonance  and  to  appear  the 
opposite  off  resonance  depends  upon  the  choice  of  the  reference  plane.  The 
theoretical  unloaded  and  uncoupled  Q  discussed  above  may  be  defined  in  terms 


(B-2) 

(B-3) 


Due  to  the  multiple  mode  resonance  properties  of  open  resonators,  each 
mode  may  have  a  different  Q  value,  resonant  frequency,  and  coupling  coeffi¬ 
cient,  and  therefore  a  resonant  circuit  together  with  a  coupling  network 
will  be  required  for  each  mode.  These  circuits  may  be  considered  connected 
in  parallel  between  the  source  and  the  load.  For  the  circuit  of  Fig.  B-l, 
the  scattering  matrix  is  the  best  representation  at  microwave  frequencies, 
since  the  reflection  coefficients  at  the  terminals  and  the  transmission  co¬ 
efficient  are  easily  measurable. 

The  method  used  here  was  to  divide  the  circuit  into  three  sections 
which  are  shown  between  the  reference  planes  of  Fig.  B-l.  The  aBCD  matrix 
was  calculated  for  each  section  and  the  ABCD  matrix  for  the  overall  circuit 
was  obtained  by  multiplying  the  individual  matrices  together.  The  ABCD 
matrix  was  then  converted  to  the  scattering’  matrix. 


The  ABCD  matrix  is  defined  as  follows: 


[ABCD]  -  [u]  - 


(3-4) 
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Now  for  the  network  of  Fig.  B-l 


tu] 


21  Z1 

1+zJ  T2 


T  1+z” 
L1  L2 


1  Z, 


0  1 


1 +  -A 

Z5  Z5 


Z, 

1  +  z7 


and  hence  the  elements  for  the  overall  matrix  become 


'11  Z 


X  [<V21KZ5+W  +  lZll’ 


u12  ’  1 I«2+Zl)lZl2  +  WZ1)<Z5+Z6> 

|z|x  (z5+z6)1 


J21  "  Z^  1 VZ4+Z5+Z2+Z3J 


(B-5) 


(B-6) 


(B-7) 

(B-8) 


"22  -  HZI2  +  <Z2+Z3+Z0)<Z5+Z6,] 


(B-9) 


where  jZ^  «  Z^  +  Z2Z3  +  Z^ 


and  |  Z|  2  -  Z4Z$  +  +  Z^ 

The  conversion  from  the  ABCD  matrix  to  the  scattering  matrix  may  be  found  in 
the  literature,  and  including  normalization  with  respect  to  the  input  and  out¬ 
put  line  impedances  may  be  written  in  the  form 


S 


11  12 


21  22 


(B-10' 


where 


Z20U11  +  U12  ~  Z10Z20U21  '  Z10U22 
>U  "  Z20U11  +  U12  +  Z10Z20U21  +  Z10U22 


(B-ll) 
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(B-12) 


2(Zio7-2q)  ^U11U22  “  Ul2U2p 

12  Z20U11  +  U12  +  Z10Z20U21  +  Z10U22 

•  2(Z10220>1/: 

>21  ■  Z20Un  +  »12  +  Z10Z20U21  +  Z10»22 


(B-13) 


Z20U11  ~  U12  *  Z10Z20U21  ~  Z10U22 
>22  "  Z20U11  '  U12  -  Z10Z20U21  '  Z10U22 


(B— 14) 


For  the  scattering  matrix,  would  be  the  input  reflection  coefficient 
assuming  a  load  which  has  no  reflection.  When  the  load  is  mismatched  such 
that  it  has  a  reflection  coefficient  P ,  then  the  input  reflection  coefficient 


to  the  network  is  given  by 


(s12)2r 
r  '  sii  +  1  -  s22r 


(B-15) 


The  matrix  element  S^2  is  the  transmission  coefficient  from  the  source  to 
the  load  under  conditions  of  matched  load.  For  the  network  of  Fig.  3-1  it 
can  be  shown  that  “11u22  ”  U21U12  *  Then  definition  the  network  will 
be  reciprocal  in  that  ■  S^. 

Many  of  the  measurements  made  in  this  study  were  performed  on  a  single- 
ended  resonator;  i.e. ,  there  was  only  one  coupling  port.  This  requires  that 


Zjq  ■  0  in  Eq.  B-ll.  Then 

s  .  U12  "  Z10U22 
11  u12  +  Z10u22 


Furthermore  Z^  ■  Z^  »  0  in  Eqs.  B-7  and  B-9  in  order  to  obtain  the  single  port 


circuit  and  hence 


-Z1Q[Z2  +  Z3  +  ZQ1  +  1|Z |x  +  ZQ(Z2  +  7X)) 
Sil  “  Zio[Z2  +  Z3  +  ZqI  +  iMi  +  Z0(Z2  +“Z1>] 


(B-16'» 


A  similar  result  may  be  obtained  by  the  more  direct  but  less  general  meth¬ 
od  of  calculating  the  input  reflection  coefficient  of  a  T-network  terminated 
in  a  load  Zq. 


33.  J.L.  Altman,  Microwave  Circuits.  D.  Van  Nostrand  Co.,  Inc.,  Princeton,  N.J., 
1964,  p.  402. 
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Solutions  relating  the  measurable  dependence  of  on  frequency  to  the 

Q  of  the  circuit  represented  by  Zq  have  been  worked  out  for  the  cases  of  loop 

34 

and  probe  coupling  to  closed  cavities.  Loop  coupling  may  be  represented  by 

the  shunt  circuit  of  Pig.  B-2,  and  probe  coupling  may  be  represented  by  the 

series  circuit.  The  external  circuit  losses  are  represented  by  R  ,  R  rep- 

8  8 

resents  losses  in  the  coupling  network,  and  n  represents  the  degree  of  coup¬ 
ling  between  the  external  circuits  and  the  cavity.  In  order  to  characterize 
these  circuits,  three  Q  values  are  defined  such  that 


Energy  stored _ 

total  energy  dissipated  per  cycle 

Energy  stored 

(Energy  dissipated  per  cycle  in  R  and  iu 
the  elements  of  the  coupling  network) 

Energy  stored 

Energy  dissipated  per  cycle  in  R 


(B-17) 

(B-18) 

(B-19) 


34.  D.D.  King,  Measurements  at  Centimeter  Wavelengths,  D.  Van  Nostrand  Co., 
Inc.,  New  York,  1952,  pp.  129-137. 

35.  M.  Sucher,  J.  Fox,  Handbook  of  Microwave  Measurements.  3rd  Ed.,  Vol.  II, 
Polytechnic  Press,  New  York,  1963,  p.  425. 
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A .  SHUNT  CIRCUIT 
(LOOP  COUPLING) 
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L 

B.  SERIES  CIRCUIT 
(PROBE  COUPLING) 


FIG.  B  -  2 

COUPLED  CAVITY 
EQUIVALENT  CIRCUITS 
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RELATIVE  REFLECTED  POWER 


FREQUENCY 

FIG.  B  -  3 

REFLECTED  RESPONSE 
OF  A  TUNED  CIRCUIT 


and  2fif  is  the  frequency  difference  between  the  two  points  where  the  relative 

2 

reflected  power  is  given  by  p  .  If  26 f  is  measured  at  the  reflected  power 
level  where 

2  2  2 

/m(p[  +  PQ)/2 

then  a  *  1  and  Q  ■  f  /26f. 

L  O 

Also  from  Sucher  and  Fox,  in  terms  of  the  square  •  of  the  input  reflec¬ 
tion  coefficients 


PL  ■  2  -  |po|  -  IpjI 


<00 


1  + 


pli 


1  -  Ip, 


(B-22) 


(B-23) 


'^O1 

if  the  resonator  is  overcoupled, 
and  Qn 


|p„l- 


Q00  =  1  +  lpil 
\  =  1+  IpoI 


(B-24) 


(B-15) 


if  the  resonator  is  under coupled. 

Whether  a  particular  resonator  is  overcoupled  or  undercoupled  at  re¬ 
sonance  can  be  determined  from  a  knowledge  of  the  behavior  of  the  phase  of 
the  reflection  coefficient  as  the  resonator  is  tuned  through  resonance.  For 
a  method  of  determining  the  degree  of  coupling  without  phase  information  about 
the  reflection  coefficient,  consider  Eq.  B-16  and  the  series  circuit  of  Fig.  5-T 
Let  Z,  *  Z^  =  0  in  Eq.  B-16,  then  |z|^  =  0,  and 

-S, 


11 


Z10Z2  ~  Z0Z2  *  Z0Z10 
Z10Z2  +  Z0Z2  +  Z0Z10 


Letting  “2  *  n  anc*  Z0  ~  ^  +  juL  ~  .1(l/wC)  *  R  at  resonance  with  the  assump¬ 


tion  that  the  source  is  matched  to  the  transmission  line  such  that  Z 
then. 


10 


n“R  , 

b 
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(B-26) 


A>L  .A 

»2r«  ^ 

8 _ 

>U  “  „2P  P 

RsR  .  2_ 

~2 - +  °  Rg 

n  R  +R 
s 


By  definition,  the  circuit  is  undercoupled  when 


n2R  R 

-2^~>  n  Rg 

n  R  +R 
8 

and  the  circuit  is  over coup led  when 


(B-27) 


"V  <  2. 

-  <  n  I 

n  Rg+R 


(B-28) 


When  2_  _ 

nV  .  _2p 

n2R  +R 
8 

then  »  0  and  the  circuit  may  be  considered  critically  coupled.  If  by 

2 

some  means  R  is  increased,  and  thus  |pQ|  will  increase  for  the  nnder- 
coupled  case.  When  the  circuit  is  overcoupled  and  R  is  increased,  and 
| pQ |  decrease  in  magnitude,  or  approach  zero.  With  beam  waveguide  resona¬ 
tors,  R  may  easily  be  momentarily  increased  by  inserting  the  hand  into  the 
edge  of  the  resonator  fields.  Observation  of  the  increase  or  decrease  of 
| Pq |  then  indicates  whether  the  circuit  is  overcoupled  or  undercoupled .  The 
choice  of  which  of  Eqs.  B-22  through  B-25  are  to  be  used  in  calculating  the 
unloaded  and  uncoupled  Q  values  from  the  measured  reflection  cc efficient  mag¬ 


nitudes  both  on  and  off  resonance  and  the  measured  loaded  Q  can  then  be  made. 


I 


X.  APPENDIX  C 


MULTIPLE  MODE  OPERATION  OF  CON FOCAL  RESONATORS 


In  order  for  energy  Co  be  coupled  f roa  one  node  to  another  due  to  a 

perturbation  such  as  a  coupling  aperture  in  a  resonator  end  plate  requires 

that  both  aodes  be  resonant  simultaneously  if  there  is  to  be  a  large  energy 

transfer,  or  that  the  response  curves  for  the  resonances  of  the  two  nodes 

overlap  to  a  considerable  degree.  An  atteapt  to  show  that  it  is  possible 

for  two  nodes  to  exist  simultaneously  in  a  besa  waveguide  resonator  will 

be  the  object  of  this  section.  The  electric  fields  of  the  modes  for  a 

bean  waveguide  are  given  by  Eq.  4-24,  thus 

,  -1/2  v  2 

E  -  A  (1+u  )  (-£-)  L*  (£-)  (C-l) 

xnv  nv  p  n  p 

*  * 


.erpl-  f  if 


-)  -  j  ♦  1 


cos  v+ 
sin  v+ 


where 


♦  -  k*  -  (2n  +  v  +  1)  tan  *u  +  y  (p/pz)2 

n  •  0,  1,  2,  .  .  . ;  v  ■  0,  1,  2,  .  .  . 

Lv  -  Laguerre  polynoaial  of  degree  n  and  order  v 
n 

4  ■  polar  angle 

u  »  */kp  2 
o 


2t/X 

free-space  wavelength 

fl  T 

radial  coordinate  /x  +y 
-  po2(1-Hi2) 
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and  Is  a  mode  set  parameter  determined  by  the  focal  length  of  the  lenses 
and  their  separation,  and  may  be  expressed  as  follows: 


where  f  *  focal  length  of  paraboloidal  phase  corrector 
and  D  «•  distance  from  z  ■  0  to  the  lens  or  curved  reflecting  plate; 
(see  Fig.  A-5). 

Note  that  D  here  is  defined  as  the  distance  between  reflectors  of  a  confocal 
* 

half  resonator. 

Now  each  mode,  as  determined  by  n  and  v,  has  a  plane  phase  surface  at 
z  «  0  i.e.,  the  phase  *  «  0  for  all  p.  The  phase  shift  which  is  dependent 
on  the  mode  but  independent  of  p  is  of  interest  in  setting  up  the  resonance 
condition  for  a  beam  waveguide  resonator.  Thus 

*  -  k*  -  <2rrtv+l)  tan_1u  (C-3) 

where  u  ■  0  at  :  «  0, 

Now  for  a  confocal  half  resonator 
D  -  f 

p  *  -  D/k 
o 

and  u  ■  z/D 

The  change  in  phase  that  takes  place  in  traversing  a  distance  D  from  z  *0 
to  z  ■  D  is  from  Eq.  C-3, 

A*  -  kD  -  (2n+v+l)  tan  *(~) 

ft*  -  kD  -  (2n+v+l)  J  (04) 

* 

In  the  previous  sections  of  this  report  D  represented  the  length  of  the  full 
confocal  resonator. 
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The  condition  for  resonance  is  that  the  phase  shift  in  going  from  i  ■  o  to 
*  ■  D  be  multiples  of  *  radians.  Thus 

kD  -  (2n+v+l)  J  -  n»  (C-5) 

If  a  confocal  half  resonator  is  to  resonate  at  the  lovest  loss  node,  i.e. 
n  -  v  -  0,  Eq.  05  becomes 

kD  -  ■  m»  (06) 

Nov  kD  -  ^  must  remain  constant  if  other  modes  are  to  resonate  simultaneously 

with  the  L°  mode.  That  Is,  since  m  can  change  by  Integer  values  only,  the 
o 

term 

(2n+vH)  «  b 

must  be  such  that  multiple  values  of  *  occur.  Thus 

kD  -  b  «  m»  (07) 

where  by  inspection  it  can  be  seen  that  b  can  only  take  on  values 
b  •  1,  5,  9,  etc. 

For  example  if  v-0,  then  n  must  be  an  even  nueber  to  get  resonance,  i.e. 

n*0,  2,  6,  etc.,  which  yields  modes  L°,  L°,  L^,  etc.  On  the  other  hand  if 

n*0  then  only  every  fourth  value  of  v  can  appear,  i.e.,  v*0,  4,  8,  etc., 

corresponding  to  the  L°,  L*,  L®,  etc.,  nodes.  Table  OX  lists  values  of 

n  and  v  for  b  through  6  and  the  corresponding  nodes  h\ 

If  the  resonator  was  adjusted  to  resonate  the  second  lowest  loss  node, 

i.e.,  the  L*  mode,  then  since  n*0,  and  v«l  Eq.  OS  would  become 
o 

kD  -  2  (J)  -  mw 
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In  this  case  kD  -  ~  must  remain  constant  if  other  modes  are  to  resonate  sinul- 
taneoualy  with  the  L*  mode.  Note  also  that  the  resonator  length  is  now  dif¬ 
ferent  by  i/4  radians  from  the  length  required  to  resonate  the  fundamental  or 

L°  mode.  Now 
o 

kD  -  b  (J)  -  mi  (08) 

requires  that 

b  -  (2n+vfl)  ■  2,  6,  10,  etc., 

thus  v  must  always  be  odd  and  n  can  be  any  integer  including  zero.  Therefore, 
as  can  be  seen  from  Table  OI,  the 


modes  can  reaonate  simultaneously  for  the  saamt  resonator  length. 

To  summarize,  the  con focal  half  resonator  adjusted  to  resonate  the 
fundamental  or  lowest  loss  mode  (L°)  will  permit  other  modes  to  resonate 
simultaneously  if 

b  -  1,  5,  9,  etc., 

which  from  Table  OI  corresponds  to  the 
,o  .2  ,o  ,4  To  .8 

^  €tCe  f 

modes. 

The  confocal  half  resonator  adjusted  to  resonate  the  next  to  the  lowest 
loss  mode  (L^)  will  permit  other  modes  to  resonate  simultaneously  if 
b  •  2,  6,  10,  etc., 

which  from  Table  OI  corresponds  to  the 
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nodes.  The  resonator  length  for  this  latter  condition  differs  fron  the  first 
by  */4  radians. 

This  analysis  can  be  extended  to  obtain  resonance  for  next  higher  node 

2 

which  according  to  Fig.  4-7  is  the  Lq  node.  Then 
kD  -  3(^)  •  nw 

and  b  •  (2n+v+l)  ■  3,  7,  11,  etc. 

which  fron  Table  C-I  corresponds  to  the 


■odes.  The  resonator  length  in  this  case  differs  fron  the  length  for  reso¬ 
nating  the  fundanental  node  by  2 (^-)  radians.  This  resonator  spacing  also 
permits  the  L°  node  to  resonate  which  is  the  fourth  node  to  appear  in  a  bean 
waveguide. 

Finally  if  the  fifth  node,  nanely  the  node,  is  to  resonate  then 
kD  -  4(J)  -  air 

and  b  «  (2n+v+l)  ■  4,  8,  12,  etc., 

which  fron  Table  C-I  corresponds  to  the 


■odes.  The  resonator  length  in  this  case  differs  fron  the  length  required 

O  V 

for  resonating  the  fundanental  Lq  node  by  3(^-)  radians. 

An  analysis  sinilar  to  that  nade  for  the  confocal  half  resonator  can 
be  nade  for  the  full  confocal  resonator.  For  the  full  resonator  Eq.  C-5  becoaes 

2kD  -  (2n+vfl)  2  y  ■  nx 
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or 


2kD  -  (2n+v+l)  y  -  n«  (C-9) 

Thus  the  full  resonator  adjusted  to  resonate  the  L°  low  loss  node  will  permit 
other  nodes  to  resonate  simultaneously  if 
b  -  1,  3,  5,  7,  etc. , 
which  from  Table  C-I  corresponds  to  the 

L®  I*  L?,  L?,  L*  L°  etc., 

O  O  X  J.  o  z 

nodes. 

The  full  resonator  adjusted  to  resonate  the  second  or  node  will  permit 
other  nodes  to  resonate  simultaneously  if 
b  -  2,  4,  6,  8,  etc., 
which,  from  Table  C-I  corresponds  to  the 


nodes.  The  resonator  length  for  this  latter  condition  differs  fron  the  first 
by  »/ 2  radians.  The  full  confocal  resonator  has  twice  as  nany  nodes  resonant 
for  e  given  length  as  the  confocal  half  rasonator  does. 

Thus,  it  requires  only  two  different  resonator  lengths  to  resonate  all 
possible  nodes  when  using  the  full  confocal  resonator.  Four  different  reso¬ 
nator  lengths  are  required  to  resonate  all  possible  nodes  when  using  the 
confocal  half  resonator.  These  resonance  conditions  are  summarized  in  Table  C-2. 

The  order  of  the  bean  nodes,  arranged  according  to  their  diffraction  loss, 
starting  with  the  loweet  loee  node  is  fron  Fig.  4-7, 


Of  the  nodes  listed  above  only  the 
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-•«. I 


Resonance  Condition 

b  -  <2t*Mrt>l) 

Half  leaonator 

Adjusted  for 

1 

L°  node 
o 

1,5,9, - 

L°  i  ■ 2  r  °  *  4  L 

O*  1*  4*  o* 

L1  node 
o 

2,6,10, - 

1  1  5  3  __ 

o»  L2*  o’  x* 

L2  node 
o 

3,7,11, - 

L2  L°  L*  L‘  - 

V  V  V  V 

L*  node 

4,8,12, - 

1 

l 

L1  L3  L1  L7  — 

Ll»  V  L3»  o* 

Poll  Resonator 

Adj anted  for 

L°  node 
o 

1,3, 5, 7 , - 

t®  L2  L?  L2  - 

o*  o*  H*  Ll* 

L1  node 
o 

2 ,4,6,8, - 

L1  I3  L3  L1  — 

O*  V  V  z* 

TABLE  C-2 


Imombo  Conditions  for 
Coc focal  Fall  and  Half  Resonator* 


101 


■odu  havt  a  ■«<■■■  field  on  the  axis  of  the  resonator •  All  the  other  nodes 
have  aero  field  on  the  resonator  axis. 
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PART  2 


XI.  CUTOFF-COUPLED  MICROWAVE  FILTERS 

Introduction 

The  characteristics,  advantages,  and  limitations  of  waveguide  filters  using 
sections  of  guide  operating  in  the  cutoff  region  as  coupling  elements  were  de¬ 
termined.  These  filters  consist  of  a  dielectric  filled  section  of  waveguide, 
which  forms  the  resonator,  preceded  and  followed  by  short  lengths  of  air  filled 
waveguide  operating  in  the  evanescent  mode.  Special  means  for  coupling  energy 
into  and  out  of  such  filters  may  have  to  be  provided  depending  upon  the  kind  of 
system  they  are  Intended  to  operate  with. 

The  cutoff-coupled  dielectric  reaonator  was  found  to  have  many  characteris¬ 
tics  in  cession  with  the  usual  metal  walled  resonator  and  thus  it  can  be  used  to 
form  a  waveguide  filter.  The  band  pasa  configuration  was  used  to  investigate 
the  characteriatlca  and  behavior  of  cutoff  coupled  microwave  filters.  The  ex¬ 
pressions  for  the  resonant  frequency,  Q  and  mid-band  insertion  loss  were  derived. 
These  expressions  were  then  used  to  design  a  typical  band  pass  filter  with  a 
center  frequency  near  3  GHz.  The  model  filter  was  constructed  and  measurements 
were  made  on  it  to  verify  the  theoretical  design. 

A.  Characteristics  of  Waveguides 

A  very  brief  review  of  some  of  the  properties  of  waveguides  appears  de¬ 
sirable  before  details  of  the  filter  design  are  presented.  The  characteristics  of 
guides  operating  in  the  propagating  region  are  well  known  but  some  of  the  proper¬ 
ties  of  guides  operating  in  the  evanescent  or  cutoff  mode  are  less  well  known. 

The  TE  mode  will  be  the  only  propagating  mode  considered  in  the  present 
study.  Wave  motion  in  the  z -direction  will  be  assined  so  that  the  z  variation 
of  the  fields  in  the  waveguide  are  expressed  by  e  where  Y  is  the  propagation 
constant  in  the  guide.  In  general, 

Y  -  +  C^)2  -  «2Uoe  (11-1) 
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and 


y  -  J8 


2  2 

if  (--)  +  (^~)  < 
a  D 


2 

tii  u  G 


or 


mm  0m 

i  c  /®5.\  i  /fly  \  z 

tf  (— )  +  Or-)  >  u  be 
a  o  o 


where  8  is  Che  phase  constant 

a  is  the  attenuation  constant 
u  is  the  applied  angular  frequency 
e  is  the  permittivity  of  the  medium  in  the  guide 
a  and  b  are  the  usual  cross-sectional  dimensions  of  the  wave¬ 
guide 

and  m  and  n  are  integers  including  zero  (note;  m  and  n  are  not  to 

be  zero  simultaneously) . 

Now  when  y  -  jB,  normal  wave  propagation  in  the  guide  takes  place. 

When  y  “  <*.  the  waveguide  is  said  to  be  cutoff  and  no  wave  propagation  in 
the  usual  sense  can  take  place.  Fields  do  exist  within  the  cutoff  section 
of  waveguide  but  they  are  highly  attenuated  with  distance  in  the  z-dlrectlon. 
The  frequency  at  which  y  becomes  zero,  i.e.,  the  transition  between  propa¬ 
gation  and  no  propagation,  is  called  the  cutoff  frequency. 

The  components  of  the  field  within  a  rectangular  waveguide  operating 

in  the  TE^q  mode  can  be  written  as  follows: 

H  ■  A  cos  (vx/a)  e 
z 

Hx  -  jB(a/»)  A  sin  (wx/a)  e'j6*  (11-2) 

E  «  -  (w/B ZH  *  -  Jw(a/iO^ZAsin  (xx/a)  e 
E  «  E  «  H  -  0 


where 
and  Z 


A  is  an  amplitude  constant 

«^p/e  is  the  intrinsic  impedance  of  the  medium  (wave  impedance 
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for  unbounded  medium). 


When  Che  waveguide  is  non-propagating  or  cutoff  the  field  components 


are  the  same  as  above  except  j8  is  replaced  by  a. 

Thus, 

Hz  •  A  cos  (wx/a)  e”or 
H  ■  a(a/w)  A  sin  (irx/a)  e  °* 

(11_3) 

Ey  -  -j  (u/a)  Jut  ZHx  — ju(a/Ti)  ^  yc  ZA  sin  (irx/a)  e 


1.  Reflection  and  Transmission  Coefficients  at  a 
Junction  of  Propagating  and  Cutoff  Waveguide 

Insight  into  the  properties  of  the  fields  in  a  cutoff  section  of  wave¬ 
guide  nay  be  obtained  by  Investigating  the  behavior  of  the  fields  of  a  pro¬ 
pagating  wave  in  a  dielectric-filled  guide  when  the  wave  encounters  an 
abrupt  transition  to  a  cutoff  section  of  waveguide.  This  problem  will 
help  to  formulate  or  establish  a  useful  transmission  line  analogy  of  a 
cutoff  waveguide. 

In  Fig.  ll-l  are  shown  the  various  transverse  components  of  the  fields 
Involved  on  both  sides  of  the  junction  for  a  T£  mode  in  the  propagating 
waveguide  section.  Now  the  tangential  components  of  the  E  field  must  be 
equal  on  both  sides  of  the  junction  between  the  two  sections  of  waveguide 
and  hence  the  relation  between  the  incident  E^,  the  reflected  and  the 
transmitted  E£  fields  is  determined.  The  tangential  compoents  of  the  H 
field  are  similarly  related. 
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FIG.  11-1  JUNCTION  OF  PROPAGATING  AND  CUTOFF  SECTION  OF  WAVEGUIDE 


Using  fcqs.  11-2  and  11-3,  the  Ey  components  at  z-0  are  equated  as  follows 

J  VoJwo/coAi  slnt™/*)  -  J“^V</wo/eoAr  sin  (*x/a> 

*  ~  At  sin  (itx/a) 


or 

A1  +  Ar  "  At  (11*4) 

Similarly  the  relation  between  the  H  components  is  obtained  from  the  H 

x 

component  in  Eqs.  11-2  and  11-3  as  follows, 

-JB(a/x)  A±  sin  (xx/a)  -  j8(a/x)  sin  (xx/a)  -  a  (a/x)  At  sin  (Tx/a) 


or 


jBAj  -  jBAr  -  oAfc  (11-5) 

Using  Eqs.  11-4  and  11-5  the  reflection  coefficient  is 

Pg  -  Af/Ai  -  (j 8-a)/ (jB+a)  (11-6) 

and  the  transmission  coefficient  is 

Ta  "  At/Ai  *  328/(a<jC)  (11-7) 
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Now  for  Che  case  in  which  the  fields  exist  in  the  cutoff  section  and 


emerge  into  a  propagating  section  i.e.,  moving  from  right  to  left  in  Fig.  1-11 
Lqs.  11-4  and  11-5  become 

At  +  Ar  -  At  (11-8) 

oA  -  oA  -  jBA_  (11-9) 

i  r  t 

and  the  reflection  coefficient  is 

Pa  -  Ar/A1  ■  (a-J8)/(a+jB)  (11-10) 

and  the  transmission  coefficient  is 

T0  “  At/Ai  "  2o/<a-JB>  (11-11) 


In  the  case  of  the  tvo-vlre  and  coaxial  transmission  line  the  power 
carried  by  the  line  is  usually  associated  with  a  voltage  and  a  current. 

In  a  waveguide,  on  the  other  hand,  the  idea  of  a  voltage  and  a  current 
in  the  usual  circuit  sense  is  almost  meaningless,  and  the  power  must  be 
associated  with  the  fields  inside  the  guide.  However,  for  the  purpose  of 
establishing  a  limited  but  very  useful  analogy  between  a  waveguide  and  an 
ordinary  transmission  line,  a  voltage  and  current  related  to  the  fields  in 
the  guide  can  be  defined.  The  definitions  used  here  are  not  the  only  ones 
that  could  have  been  used. 
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The  equivalent  voltage  associated  with  the  TF.^q  node  in  a  rectangular 
waveguide  is  here  defined  as  some  constant  times  the  peak  electric  field  in 
the  center  of  an  infinitely  long  guide. 


V  -  k  Eoy  (11-12) 

Similarly  the  equivalent  current  is  defined  as  being  proportional  to  the 
peak  magnetic  field  at  the  center  of  the  waveguide. 

I  -  -  k  H  (11-13) 

ox 

Now  the  ratio  of  the  transverse  components  of  the  fields  in  a  waveguide  has 
the  dimensions  of  an  Impedance.  Thus  from  Eq.11-2, 

-Ey/Hx  •  (w/B)  ^ ye  ^u/c  -  u>y/B 
The  ratio  of  V  to  I  from  Eqs.  11-12  and  11-13  is 

V/I  -  -  E  /H  -  uy/B 
oy  ox 

Now  the  ratio  of  V/I  for  an  infinitely  long  transmission  line  is  called  the 
characteristic  Impedance.  The  analogous  Impedance  in  a  waveguide  is  called 
the  wave  Impedance,  thus 


ZTE  -  wy/B  (11-14) 

When  this  impedance  ratio  is  determined  for  a  waveguide  operating  below 
cutoff  ZT£  using  Eq.  11-3  becomes 


Z 


TF. 


j (w/a) 


,1wy/a 


(11-15) 
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Thus  the  wave  impedance  for  a  waveguide  operating  in  the  cutoff  region 

Is  a  reactance.  The  wave  Impedance  changes  from  the  resistive  value  given  by 

Eq.  11-14  to  Che  reactive  value  given  by  Eq.  li-15  at  the  cutoff  frequency. 

The  transmission  line  definitions  for  the  reflection  and  transmission 
coefficients  are  as  follows. 


P 


V  ./V. 
ref  Inc 


<W'<ZL+Z0> 


and 


T 


V  /V. 
trans  inc 


2V<  w 


If  the  case  of  a  propagating  TE^q  wave  lncldenc  In  a  cutoff  section  of  wave¬ 
guide  is  considered  then  -  jup/a  and  Zq  -  up/B. 

Thus 

p  ■  (jup/a-up/8)/ (Jup/a+wp/B) 
p  -  (jB-a)/(jS+a) 

and 

t  -  (j2up/a)/(jup/a+up/B) 
t  -  j28/(a+jB) 


These  expressions  for  p  and  t  are  Identical  with  Eqs.  11-6  and  11-7  obtained  from 
field  theory  and  show  the  validity  of  the  transmission  line  analogy  In  this 
instance.  A  result  identical  to  Eqs.  11-10  and  11-11  is  obtained  when  the  above 
procedure  Is  applied  to  the  case  of  a  cutoff  section  of  guide  terminated 
with  a  propagating  section  of  waveguide.  Thus  a  section  of  waveguide  can 
be  represented  by  a  transmission  line  with  a  characteristic  Impedance  equal 
to  jwp/y,  where  y  is  equal  to  jB  if  the  guide  Is  propagating  a  single  mode 
and  it  is  equal  to  a  if  the  guide  Is  operated  In  the  cutoff  region.  The 
analogies  verified  above  are  shown  In  Fig.  u-2. 
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to  infinity  to  infinity 


FIG.  11-2  ANA  LOGY  OF  WAVEGUIDE  TO  TRANSMISSION  LINE 


b.  Power  Flow  In  Cutoff  Waveguide 


The  power  flow  into  and  out  of  a  waveguide  operating  in  the  cutoff 
region  can  be  determined  with  the  aid  of  the  transmission  line  analogy. 
Since  the  wave  Impedance  and  hence  the  input  impedance  of  an  infinitely 
long  section  of  waveguide  in  the  cutoff  region  is  reactive  l.e., 

^TE  "  no  power  is  accepted  by  the  cutoff  waveguide. 

A  finite  length  of  waveguide  operated  in  the  cutoff  region  and  ter¬ 
minated  in  a  general  load  characterized  by  an  Impedance  Z.  has  an  Input 
impedance  given  by  the  usual  transmission  line  equation 


Zin  "  zo<1+Pe"2Yd>/<1-pe"2Yd) 


(11-16) 


where  d  la  length  of  waveguide  section 

Zq  la  the  characteristic  impedance  or  in  the  present  case  the 
wave  impedance  of  the  waveguide 
Y  is  the  propagation  constant 
and  p  is  the  reflection  coefficient  of  the  load. 


Now  for  a  waveguide  beyond  cutoff 


Z 


in 


ZL-(J»u/a) 
1  +  ZL+(Jfc>u/a) 
ZL-(J«u/o) 
1  ZL+(J»w/o) 


-2nd 

e 


-2ad 

e 


(11-17) 


In  general  the  input  impedance  given  by  Eq.  11-17  will  have  both  a  real  and 
reactive  coaponent.  The  real  part  of  this  input  impedance  will  account 
for  some  power  entering  the  input  part  of  the  cutoff  section  of  waveguide. 

It  repeats  that  there  is  no  reason  why  a  cutoff  sect ice  of  waveguide 
cannot  be  considered  lossless  and  hence  the  output  power  should  be  eoual 
to  the  input  power.  On  the  other  hand  the  fields  in  s  cutoff  section  of 
guide  are  attenuated  by  the  factor  e  and  berce  St  appears  at  first  glance 


***  2  ad 

that  the  input  power  will  be  reduced  by  the  factor  e  by  the  time  it 
reaches  tue  output  port.  The  best  way  to  settle  this  apparent  contradiction 
is  to  calculate  and  compare  the  input  and  output  power  associated  with  a 
section  of  waveguide  operating  in  the  cutoff  region. 

The  power  at  any  point  on  a  transmission  line  can  be  determined  from 
the  expression 


P 


|  V  I* 


(11- 18) 


where  V  and  1  are  peak  values  of  the  total  voltage  and  total  current 

When  bq.  11-18  is  applied  to  a  section  to  waveguide  viewed  as  a  four  terminal 
network  the  input  and  output  powers  are  (see  Fig. 11-2). 


Pi„  -  2  <V10  +  Vil>  (I10  +  hi' 


Pout  “  2  *V20  +  v2i*  (I20  +  X2i* 


(11-19) 

(11-20) 


where  V  and  I  are  the  equivalent  voltages  and  currents  defined 
previously  in  Eqs.  11-12  and  11-13. 

Subscripts  1  and  2  refer  to  the  input  and  output  ports  respectively 
and  1  and  0  refer  to  the  incoming  and  outgoing  voltages  and  currents 
Furthermore  in  transmission  line  analysis  the  ratio  of  the  incident  voltage 
to  tue  Incident  current  is  the  characteristic  impedance  Zq,  and  this  same 
ratio  for  the  reflected  components  of  voltage  and  current  is  -Z^.  Thus 
since  the  wave  impedance  of  a  cutoff  section  of  guide  is  reactive  Eqs.  11-19 
end  H-20  became. 


fln  *  2  <V10  +  Vli>  iVii'J*o  -  VJV 


U,  -  \  <Tx  ♦  \mj 


(11-21) 
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Now  expanding  the  expression  for  P^n  and  PQut  and  keeping  track  of 
the  real  (RE)  and  imaginary  (IM)  components  in  Eqs.  11-21  and  11-22 


Pin  “  2X  ^J(VliIM  +  VliP.E  “  V10RE  ~  V10IM) 
o 


(11-23) 


+  (2V10REVlilM  "  2V101MVliRE) 1 


p  .  — flfv  +  V  -  v  -  V  1 
out  2X  uv  20RE  V20IM  2iRE  2iDT 
o 


(11-24) 


+  (2V2iRE  V201M  “  2V2iIM  V20RE^ 


Equations  11-23  and  11-24  have  both  real  and  imaginary  parts.  The  real  parts 
account  for  real  Input  and  output  powers.  Furthermore  since  the  input 
quantities  are  related  to  the  output  quantities  by 


V10  •  V2i  «'°L  VH  -  V20 


the  real  part  of  Eq.  11-23  can  be  transformed  to 


^INRF^  ■  — —  (5v  V  _9V  V  1 

AT  OUTPUT  2X  2iR£  V20IM  z  21IM  201E# 
o 


However  this  is  the  same  as  the  real  power  at  the  output  given  by  Eq.  11-24 


Thus  power  is  conserved  in  the  cutoff  section  of  waveguide. 
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1 .  Fund  —ratal  Concepts 


An  elect 


tic  resonator  is  formed  by  placing  short  circuits  at 


both  ends  of  a  section  of  tra&anlssloe  line.  The  trsmsmlssice  lies*  car  * r 


a  two-wire  line,  a  coaxial  line  or  a  section  of  waveguide.  The  short  cir¬ 
cuits  at  each  end  (assumed  lossless)  have  a  reflection  coefficient  of  unity 
and  hence  reflect  all  the  energy  Incident  on  them.  The  standing  wave  pattern 
set  up  along  the  length  of  the  line  must  have  a  zero  field  at  each  end  plate. 
When  these  boundary  conditions  are  met,  the  short  circuited  transmission  line 
or  waveguide  section  is  said  to  be  in  resonance.  A  transmission  line  section 
is  resonant  at  certain  discrete  frequencies  which  correspond  to  the  number  of 
half  wavelengths  contained  in  the  standing  wave  pattern.  Thus  the  voltage 
or  field  at  the  mid-point  between  the  two  reflecting  end  plates  is  always 
either  a  maximum  or  zero.  A  line  section  terminated  in  an  open  circuit  at 
each  end  will  also  form  a  resonantor  since  an  infinite  impedance  represent¬ 
ing  the  open  circuit  also  yields  a  reflection  coefficient  of  unity.  The 
characteristics  ascribed  to  the  short  circuited  resonator  above  apply  also 
to  the  open  circuited  resonator. 

When  a  dielectric  filled  section  of  waveguide  is  terminated  in  an  in¬ 
finitely  long  cutoff  section  of  waveguide,  the  magnitude  of  the  reflection 
coefficient  at  the  Junction  viewed  from  the  propagating  side  is 

!obI  -  ^BNo2//e2+a  -  1 

Thus  it  is  possible  to  set  up  e  resonator  using  a  dielectric-filled  propa¬ 
gating  section  of  waveguide  terminated  at  each  end  by  infinitely  long  cutoff 
sections  of  waveguide. 

In  a  practical  filter  energy  oust  be  coupled  into  and  ovt  of  the  reso¬ 
nator.  In  a  metal  vailed  resonator  this  coupling  of  energv  is  usually  done 
by  means  of  small  holes  or  irises  In  the  resonator  end  plates.  In  the  cut¬ 
off-coupled  dielectric  resonator  energy  can  be  fed  into  and  removed  from 


the  filter  by  using  finite  lengths  of  cutoff  coupling  sections.  The  amount 
or  degree  of  coupling,  measured  in  terms  of  the  fraction  of  the  incident 
wave  entering  the  dielectric  resonator,  can  be  controlled  by  the  choice  of 
the  length  of  the  cutoff  coupling  section  used.  A  quantitive  measure  of 
the  coupling  can  be  obtained  by  using  a  coupling  factor  K  defined  by 

v  ~aL 

(11-25) 

where  t  is  the  transmission  coefficient  given  by  Eo.  11-7  or  11-11, 
a  is  the  attenuation  per  unit  length  of  the  cutoff  waveguide 
section 

and  L  is  the  length  of  the  cutoff  coupling  section 

A  simple  band-pass  filter  made  up  of  waveguide  sections  all  having  the 
same  size  cross-sect loa  would  consist  of  a  dielectric-filled  resonator  sec¬ 
tion  which  has  air  filled  sections  at  each  end  which  serve  as  the  cutoff 
coupling  sections.  In  order  that  energy  can  be  fed  to  and  removed  from 
the  filter,  some  means  of  coupling  to  the  cutoff  sections  must  be  provided. 

One  such  means  would  be  to  use  Uielectric-f illed  propagating  sections  of 
waveguide  to  couple  into  and  out  of  the  cutoff  coupling  sections.  Such  an 
arrangement  along  with  the  cutcf f-coupled  band  pass  filter  is  shorn  in  Fig.  11-3 
Probe  antennas  extending  into  the  cutoff  coupling  waveguide  sections  could 
also  be  used  to  couple  energy  into  and  out  of  the  filter  system. 

having  described  the  fundamental  ideas  upon  which  the  cutoff -coupled 
dielectric  resonator  band  pass  filter  is  based,  the  remainder  of  this 
section  will  be  devoted  to  deriving  cuaatltative  design  eoutiees.  heter- 
mlalatg  the  rtttsmxt  conditions,  the  relations  for  the  wrtcc«  C  factors 
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of  a  dielectric  resonator  and  the  Insertion  loss  at  resonance  comprises 
the  Important  design  Information  that  will  be  developed. 

,2.  Resonance  of  Dielectric  Filled  Waveguide 
Bounded  by  Cutgff  Sections 

The  resonant  frequencies  of  a  completely  enclosed  metal  walled  resonator 
are  usually  obtained  by  solving  Maxwell’s  equations  subject  to  the  proper 
boundary  conditions.  A  dielectric-filled  waveguide  section  with  infinitely 
long  cutoff  coupling  sections  at  each  end  corresponds  to  the  completely  en¬ 
closed  metal  resonator.  When  small  coupling  holes  are  used  In  the  metal 
walled  resonator  or  when  relatively  long  but  finite  length  cutoff  sections 
are  used  with  the  dielectric  resonator,  the  resonant  frequencies  will  be 
changed  only  slightly  In  most  cases. 

The  dielectric  filled  resonator  to  be  analyzed  is  shown  in  Fig.  11-4 
Three  different  approaches  for  determining  the  resonant  frequencies  will 
be  discussed  briefly. 


a.  Field  Approach 

The  electric  field  of  the  TF  "ode  in  the  waveguide  resonator  which 
will  be  assumed  to  be  in  the  y-direction,  will  be  made  up  of  two  traveling 
waves  propagating  in  opposite  directions.  Now  is  shown  traveling  In 
the  — z  direction  and  in  the  +z  direction  In  Fig.  11-3.  Thus 

Ey  •  E^  sln(m«x/a)  cos(nwy/b)e^*+Ej  sln(mvx/a)  cos(n*y/b)e  (11-26) 
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CUTOFF  SECTIONS 


The  boundary  conditions  at  z  ■  0  and  z  ■  D  require  that  the  total  field 
take  on  values  determined  by  the  reflection  coefficients  at  the  junction 
between  the  resonator  and  the  cutoff  waveguide  section.  The  only  variable 
in  the  equation  for  is  8  and  Its  value,  which  Is  dependent  on  frequency, 
will  make  It  possible  to  meet  the  boundary  conditions.  The  frequencies  for 
which  the  boundary  conditions  are  satisfied  are  the  resonant  frequencies  of 
the  dlelectrlc-fllled  resonator. 

At  z  ■  0 

Ey|z-o  "  Eisln^mwx/a)C08(nTry/b)(1+tJ6*a)/lJ8+a))  (11-27) 
where  E2  ■  E1 ( j B-a) / ( j B+a) 

since  from  Eq.  6 
PB  -  (jB-a)/(J8+a) 

and  Is  viewed  as  the  Incident  wave  at  the  z  ■  o  Interface. 

bow  at  z  ■  D 

E  |  n  ■  E1sln(miGt/a)co8(nify/b)e'^^+E  sln(m*x/a)cos(niry/b)e 
y,z“u  1  1  (11-28) 

■  sin(mirx/a)cos(nwy/b)  (E^e^ED+E2e  ^ED) 

where  In  this  case  E2  must  be  treated  as  the  Incident 
wave 
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Hence 


pe 


E^e^D  E^cos6IHJE^Bin6D 
g  e”J6D  EjCosBD-jEjSinBD 


je+a 


After  some  algebraic  manipulation  the  following  is  obtained 


tan  6D  -  -ffiy 
6-a 

or 

tan  8D  +  -  0 

o-6 

Taking  the  arctangent  of  both  sides 


(11-29) 


6D  +  arctan  (— i— -r)  ■  arctan  (0)  ■  pir  (11-30) 

o-B 

where  p  Is  an  Integer  including  zero 

Both  Eqs.  11-29  and  11-30  are  transcendental  and  6  which  determines  the  resonant 
frequencies  of  the  dielectric  resonator,  must  be  found  by  trial.  Thus  no 
equation  which  expresses  the  resonant  frequency  explicitly  can  be  written. 

An  fr  is  first  assumed  and  a  and  6  determined  from  Eq.  11-1.  Tnese  values  must 
in  turn  satisfy  Eq.  11-30  for  a  given  D. 


b.  Phase  Shift  Approach 

As  mentioned  earlier,  at  resonance  the  electric  field  E  or  the  voltage 
V  is  either  a  maximum  or  zero  at  the  center  or  midpoint  along  the  length  of 
the  resonator.  This  behavior,  which  is  the  basis  of  the  phase  shift  method 
for  determining  the  resonance  condition,  is  due  to  the  assumed  Identical 
boundaries  at  each  end  of  the  resonator.  Furthermore,  the  reflection  at 
each  end  must  be  lossless  and  the  resonator  itself  must  be  lossless  if  the 
standing  wave  resulting  from  the  interference  of  oppositely  traveling  waves 
is  to  go  to  zero  Instead  of  to  a  minimum  at  the  midpoint  of  the  resonator. 
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To  have  either  a  maximum  or  zero  of  the  standing  wave  pattern  at  the 
midpoint  of  the  resonator  requires  that  the  total  phase  shift  the  traveling 
wave  experiences  in  going  from  the  center  to  one  end  of  the  resonator  and 
then  back  to  the  center  again  must  be  pir.  Now  p,  called  the  mode  number, 
must  be  either  zero  or  a  positive  integer. 

Applying  the  criterion  that  the  phase  shift  must  equal  pir  for  res¬ 
onance,  to  the  cutoff-coupled  dielectric  resonator,  there  results,  (see 
Fig.  ll-2a,  in  which  L  is  length  from  the  center  to  one  end  of  the  resonator 
and  L  -  (1/2)D  where  D  is  total  resonator  length). 


V2i  "  pV20 


-JBL 


V20  "  Vlie 


V  »  V  e~^L 
10  v2ie 


Thus 


or 


V  «  pv  e-J6L  -  pV  e“2JPL 
V10  pV20e  7li* 


M  -  pe-2J*L  -  e-J*D 

ii 


However,  from  Eq.  11-6 


P  je+a 

which  can  be  written,  assuming  perfect  reflection 


.UasdJ.  -vW+B.2  .  ,J* 
°  16+0  «-JB  „2+62 
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where  $  is  the  phase  shift  produced  on  reflection 


♦  "  H  "  arctan  "  "  »rcten 

6  -a  e  -B' 

Thus 


-i£  -  pe-J8°-  eJVJ6D  -  e‘J<8D  +  arctan 
Vli  a  -B 


But  for  resonance  the  total  phase  shift  must  be  equal  to  pir.  Thus 


BD  +  arctan  (-7*^5)  -  p* 
a-B 


which  is  identical  to  Eq.  11-30  obtained  by  the  field  approach. 
When  Eq.  11-30  is  solved  for  I),  recalling  that 
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D 


0 


2w 

A 


2“  <p*-arctan  y*8,;) 

a  -P," 


pA  A  2a B 

2  "  IT  arctan  22 

a  -B 


(11-31) 


or 


D 


2l 

2 


+  8 


where  -1/4  <  8  <  +  A 

~  “  4 

Thus  the  length  D  of  the  cut off- coup led  dielectric  resonator  is  equal  to  p 
half  wavelengths  plus  or  minus  a  length  |s|  which  is  determined  by  the  phase 
shift  of  the  reflection  from  the  junction  between  the  dielectric  filled  section 
and  the  cutoff  section  of  waveguide. 
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The  standing  wave  patterns  in  the  dielectric  filled  section  of  a  cutoff- 
coupled  dielectric  resonator  for  p  -  0,  1  and  2  are  shown  in  Fig.  11-5.  These 
standing  wave  patterns  have  either  a  maximum  or  zero  field  at  the  rescnator 
midpoint.  The  correct  standing  wave  pattern  of  the  tvc  (one  solid  and  the 
other  dotted)  shown  for  each  value  of  p  is  determined  by  calculating  the 
value  of  the  field  or  the  reflection  coefficient  at  the  ends  of  the  resonator. 
The  magnitude  of  field  strength  at  the  ends  of  the  resonator  is,  with  the  aid 
of  Eq.  11-6  given  by 


E  -  1 


JB+a 


E  -  |l  +  1  /  arctan  |  (11-33) 

/ _ B  -a 

An  expression  for  the  magnitude  of  the  field  strength  versus  distance  in  the 
dielectric-filled  resonator  may  be  obtained  by  generalizing  Eq.  11-33  as  follows 


E  -  +  eJB*  ejB  arctan  (1~25 

1  B  -a 


(11-24) 


Thus  specifying  p  alone  is  not  sufficient  for  sketching  the  standing  wave 
pattern  inside  this  resonator.  The  value  of  a  and  B  must  be  known  as  indi¬ 
cated  in  Eq.  11-34. 


c.  ABCD  Matrix  Method 

Another  method  for  deriving  the  condition  for  resonance  expressed  by 
Eq.  11-29  involves  the  use  of  the  network  chain  matrix.  This  matrix  is  also 
celled  the  ABCD  matrix  and  is  discussed  in  books  on  network  theory. 
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The  first  step  in  this  method  for  determining  the  resonance  condition 

! 

is  to  use  the  ABCD  matrix  to  find  the  input  impedance  of  a  length  of  pro¬ 
pagating  wave  guide  when  it  is  terminated  by  an  infinitely  long  cutoff  section. 
The  impedance  of  this  terminating  section  is  the  wave  Impedance  of  the  cutoff 

waveguide,.  Z^  -  jup/a.  Next  it  must  be  proved  that  the  quarter  wave  trans- 
2 

former  relation  Z  ■  Z. Z.  applies  in  this  case  in  order  to  show  that  a  maxi- 

O  1  L 

mum  or  minimum  in  the  standing  wave  pattern  occurs  at  the  midpoint  of  the 
resonator.  Finally  the  equation  must  be  reduced  tc  the  form  of  Eq.  11-29. 

This  method  has  been  carried  out  and  does  yield  the  desired  result. 

The  details  of  the  procedure  are  net  presented  here,  first  because  it 
Involves  a  great  deal  of  algebraic  manipulation,  and  second,  the  method 
makes  use  of  the  fact  that  the  total  phase  shift  experienced  by  a  wave  going 
from  the  center  of  the  resonator  to  the  cutoff  section  and  back  to  the  center 
is  an  Integral  multiple  of  180*.  Thla  latter  condition  however  is  the  basis 
for  the  phase  shift  method  just  discussed  and  therefore  the  matrix  method 
is  not  an  entirely  different  method. 

The  scatter-chain  matrix  could  be  used  Instead  of  the  ABCD  matrix  to 
arrive  at  the  desired  results.  However,  the  equations  become  even  more  in¬ 
volved  than  for  the  ABCD  matrix  because  in  this  case  two  matrices  instead 
of  one  are  necessary  at  the  junction  between  the  propagating  and  cutoff 
sections. 

C.  Cutoff-Coupled  Dielectric  Resonator  Band  Pass  Filter 
1.  Resonator  Quality  Factors 

The  relations  necessary  to  design  a  cutof f-coupled  dielectric  resonator 

> 

to  be  used  as  a  two  port  band  pass  filter  are  to  be  derived.  The  actual  filter 


under  consideration  using  finite  lengths  of  cutoff  coupling  sections  and 
connected  between  two  propagating  transaisslon  lines  is  shown  in  Fig.  11-3. 

The  quantitative  relations  sought  can  be  obtained  with  the  aid  of  one 
of  the  well  developed  equivalent  circuit  techniques  used  for  ordinary  aetal- 
walled  microwave  resonator  design.  The  equivalence  of  the  lumped  parameter 
circuit  used  in  this  technique  is  in  the  similarity  of  the  frequency  response 
near  resonance  of  the  circuit  to  that  of  a  microwave  resonator. 

The  lumped  parameter  parallel  R-L-C  circuit  representing  a  resonator 
is  shown  in  Fig.  11-6 (a) .  The  ideal  transformers  in  the  circuit  represent  the 
coupling  of  the  resonator  to  the  source  and  load.  The  source  and  its  resis¬ 
tance  and  the  load  resistance  are  also  shown  in  Fig.  ll-6(a).  The  circuit  is 
said  to  be  in  resonance  when  the  inductive  susceptance  cancels  the  cepadtive 
susceptance  leaving  just  a  conductance.  This  resonance  condition,  for  which 
the  input  voltage  and  current  are  in  phase,  occurs  at  a  frequency  called  the 
resonant  frequency  ff.  The  response  or  relative  output  power  versus  frequency 
near  resonance  is  shown  in  Fig.  ll-6(b).  The  reference  level  of  0  db  shown  in 
Fig.  11-6 (b)  is  for  the  resonator  removed  from  the  circuit  and  the  curve  thus 
displays  the  insertion  loss  of  the  resonator  versus  frequency. 

The  selectivity  or  resonance  curve  shown  in  Fig.  11-6 (b)  is  the  same  as 
that  obtained  for  a  microwave  resonator  near  the  resonant  frequency,  and  hence 
the  definition  of  the  quality  factor  or  Q  of  the  lumped  constant  equivalent 
circuit  applies  also  to  microwave  resonators.  The  general  definition  of  the 
Q  is 


W 

Q  ■  w  pT  (11-35) 
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resonator 


ideal  transformer  ideal  transformer 


(a) 


(b) 


X  =«  ?  (<D-Wr)  / 

T  *  load  power  with  resonator  in  circuit 
Pq=  load  power  with  resonator  removed 


FIG.  11-6  EQUIVALENT  CIRCUIT  AND  INSERTION  LOSS 
CURVE  OF  A  RESONATOR 
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where  Q  is  a  redo  or  dimensionless  quantity 

Wg  Is  the  total  energy  stored  in  the  resonator 
at  resonance 

and  PL  is  the  time  average  power  loss  or  the  tine 
rate  of  dissipation  of  energy  due  to 
losses 

Various  Q's  can  be  defined  and  will  differ  from  each  other  depending 
on  how  the  time  average  power  loss  Is  determined.  The  loaded  quality  factor 
Ql  Is  defined  by  Eq.  11-35  but  the  time  average  power  loss  Includes  all  the 
energy  dissipating  elements  shown  in  Fig.  ll-6(a),  i.e.,  the  load  R^,  the  resonator 
Itself  R£  and  the  source  Rg.  The  unloaded  quality  factor  Qu  Is  also  defined  by 
Eq.  11-35  but  for  this  case  the  only  energy  dissipating  element  considered  Is  Rc 
and  hence  Qu  does  not  Include  energy  lost  In  the  circuit  external  to  the  reson¬ 
ator.  Finally  two  external  quality  factors  are  each  also  defined  by  Eq.  11-35 
except  that  for  Qgl  only  the  aource  resistance  Rg  is  used  in  determining  the 

power  loss  whereas  for  only  the  load  resistance  R^  is  used.  If  Qu» 

36 

and  of  a  resonator  are  known  then  QL  can  be  found  from 


(11-36) 


Also  the  equation  for  the  selectivity  curve  of  Fig.  11-6 (b)  in  terms  of  the 
Q's  is 


Po  QE1QE2  {l-K)L2[2(w-«r)/wr]2) 


(11-37) 


36.  Jerome  L.  Altman,  Microwave  Circuits.  D.  Van  Nostrand  Co.,  New  York,  1964 
p.  219-228,  239. 
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where  T  Is  the  power  in  the  load  R^  with  resonator 
in  the  circuit 

and  P  is  power  in  the  load  R.  with  resonator  re- 

O  la 

aoved  froa  the  circuit 

The  value  of  can  be  deterained  froa  the  selectivity  curve  with  the  aid  of 
the  following  equation. 


Q 


L 


where  is  the  3db  bandwidth. 


(11-38) 


2.  Calculation  of  0*a  for  Cutoff -Coupled 
Dielectric  Resonator 

The  peak  energy  stored  In  a  cavity  ia  deterained  froa  a  knowledge  of 

the  field  distribution  wf.thln  the  resonator.  The  gensral  expression  for  the 
,  37 

energy  stored  is 


(11-39) 


For  a  TE,  n  node 

1,0, p 


where  E 


is  the  peak  value  of  the  electric  field 
in  the  resonator 


Ey  (x,y,s)  -  (2E^  tin  vx/a)f(z)  (11-40) 

where  f(s)  is  the  variation  of  E  with  z  as  shown 

y 

in  Fig.  11-5. 


37.  A.  B.  Bronwell  and  K.  E.  Beaa,  Theory  and  Application  of  Microwaves. 
McGraw-Hill  Book  Co.,  New  York,  1947,  p.  372. 


Thus 


1  o  D  , 

Ws  -  y  c  b  4  (a/2)  /  f*(z)  dz 


(11-41) 


When  the  specific  field  distribution  In  the  z  direction  is  known  the  Integral 
can  be  evaluated. 


a.  Unloaded  Q 

The  unloaded  Q  of  a  dielectric  filled  cavity  can  be  calculated  when  the 

energy  dissipated  within  the  resonator  is  known.  One  part  of  the  energy  lost 

Is  due  to  the  energy  dissipated  In  the  dielectric  material  filling  the  cavity 

and  the  other  part  Is  due  to  energy  dissipated  In  the  metal  walls.  These 

losses  within  the  resonator  can  be  considered  separately  so  that  a  Q  based  on 

dielectric  losses  only  and  a  Q  based  on  conduction  losses  only  can  be  calculated 

separately.  These  separate  Q's  can  then  be  used  to  find  the  unloaded  Qu>  It 

will  be  assumed  that  no  energy  Is  lost  In  the  cutoff  coupling  sections. 

The  accounting  for  dielectric  losses  only  can  be  calculated  once 

the  time  average  power  lost  In  the  dielectric  Is  determined,  since  Wg  has  al- 

38 

ready  been  determined  by  Eq.  11-39.  The  time  average  power  loss  Is 


P(D)  '  2  "  /  *"  Ey  <*V+i»  /  Ey  " 


where  c"  Is  the  Imaginary  part  of  the  permit ivity 
which  accounts  for  the  polarization 
damping  loss 

and  o  Is  the  conductivity  of  the  dielectric 


Thus  the  Q  from  Eq.  11-35  is 


38.  Robert  Plonsey  and  Robert  E.  Collin,  Principles  and  Applications  of  Electro¬ 
magnetic  Fields,  McGraw-Hill  Book  Co.,  New  York,  1961,  p.  316. 
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4  e  J  E2  dV 
2  v  y 


In  /  e '  ’  E2  dV  +  4  0  /  E2  dv 
2  r  1  y  2  ;  y 


u  e 

r 


% 


i  \ 


u  (D)  u>e"+o 


But  the  loss  tangent  of  a  dielectric  is  defined  as 


tan  4,  - 

L  uc 


Thus 


^u(D)  ”  tan  4l 


The  Q  associated  with  the  cavity  wall  losses  is  best  obtained  from 

f  H2  dV 

n  .1  2 _ 

(w>  6  J  H*  dA 
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(11-42) 


(11-43) 


where  Ht  is  the  magnetic  field  tangent  to  the  4 
metal  walls  of  the  cavity 
and  6  is  the  skin  depth 

The  integral  in  the  numerator  is  a  measure  of  the  energy  stored  and  the 
integral  in  the  denominator  is  a  measure  of  the  energy  lost  in  the  cavity. 
Mow  for  the  cutoff-coupled  resonator 

£  2  BE 

Hx  "  “  "ST  8in  M*)f (t) 


39.  H.  A.  Atwater,  Introduction  to  Microwave  Theory.  McGraw-Hill  Book  Co., 
New  York,  1962,  p.  145. 
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q^rlth  Ey  given  by  Eq.  11-40.  Note  also  that  the  Hx  and  fields  have  their 
maximum s  a  quarter  wavelength  apart  along  the  z  coordinate.  Thus  with  the 
aid  of  Eq.  11-2,  Hs  can  be  written  as 


Hz  ”  Ijfo/Tl  co8  f(z-X/4) 


The  Integrals  in  Eq.  11-43  for  Qu(w)  are  difficult  to  evaluate  when  the  above 
expressions  for  H  and  H  are  used. 

A  good  approxlaiate  value  for  can  be  obtained  by  solving  Eq.  U-43 

for  a  resonator  exactly  one  half  wavelength  long.  In  such  a  case  f(z)  and 

f(z-A/4)  are  sine  and  cosine  functions  and  1)  ■  pw  thus  the  Integrals  are 

40 

easily  evaluated  to  give 


u(w)TE 


1.0,1 


ab  ta2+(X/2)2]^/wfyo 
a3(A/2)  +a(A/2)3+2  (X/2)3b 


(11-44) 


The  Qyfy)  of  a  resonator  is  approximately  proportional  to  the  ratio  of  its 
volume  to  metal  suface  area.  For  the  cutoff-coupled  dielect,  '.c  resonator 
this  ratio  is  essentially  constant  regardless  of  its  length  D,  since  the 
volume  is  abb  and  its  metal  surface  area  is  D(2a+2b).  Thus  the  value  of 
Qu(w>  should  not  differ  greatly  from  that  given  by  Eq.  11-44. 

The  actual  unloaded  Qu  of  the  cutoff -coupled  dielectric  resonator  will 
be 


*hi(D)  ^u(w) 


(11-45) 


40.  Atwater,  p.  145. 
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However  as  will  be  shown  later  Q 


u(w)  TE 


will  be  very  much  larger  than 


1,0,1 

Qu(d)  ®Rd  hence  the  approximate  value  of  Qu^wj  Riven  by  Eq.  11-44  will  be 
sufficiently  accurate  to  calculate  Qu  using  Eq.  11-45. 


b.  External  Q 

When  the  external  Q  is  calculated  the  time  average  power  loss  in  the 
load  at  either  the  input  or  output  port  of  the  resonator  must  be  known.  In 
order  to  calculate  this  power  loss  it  will  be  convenient  to  assume  matched 
conditions  at  the  Input  and  output  of  the  resonator.  In  general  matched 
conditions  can  be  met  in  practice  especially  now  that  Isolators  are  available. 
Thus  the  power  flowing  along  a  matched  waveguide  (perhaps  in  this  case  a 
dielectric  filled  waveguide  to  make  it  propagating)  is  given  by 


Then 


or 


l  b  *  * 

PT  -  y  Re  /  /  E  H  dx  dy 

o  o  y 

where  for  the  TE^0  mode 
Ey  -  sin  (»x/a) 

Hx  •  K4  sin  (xx/a) 

end  E^  and  are  amplitude  factors  in  the  input 
or  output  waveguides 


«  1  L 

I  y  E4  sin  (xx/a)  —  sin  (*x/a)  dx  dy 
o  o 


1  E4  *b 

p  «  p  »  A  - - 

T  LOAD  2  R 

o 


(11-46) 


where  R  -  -  E^/H^  •  uuo/B  is  the  wave  impedance 
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It  would  be  very  desirable  to  have  Eq.  11-46  expressed  in  terms  of  the 
field  amplitude  in  the  resonator,  since  then  Qg  could  be  calculated  using 
Eq.  11-35  because  Ws  is  already  known  in  terms  of  E^.  Now  from  Fig.  11-3  it  can  be 
seen  that  a  portion  of  E^  is  transmitted  into  the  cutoff-section,  attenuated 
in  passing  through  the  cutoff-section  and  finally  transmitted  into  the  propa¬ 
gating  output  waveguide  as  E^.  Thus 


E1  ’«  tb  e 


-aL 


where  t  and  t0  are  given  by  Eqs.11-7  and  11-11 
respectively 

and  L  is  the  length  of  the  cutoff-section 
The  expression  for  Is  for  an  infinitely  long  cutoff-section;  however,  in 
a  practical  filter  even  though  this  section  is  not  infinitely  long,  it  is 
long  enough  so  that  any  reflected  wave  from  the  output  would  be  sufficiently 
attenuated  in  traveling  back  to  the  vesonator  that  it  can  be  neglected. 

Thus 

f  «  F  1^6  2a  -aL 
4  1  a+JB  orfjB 


or 


E4  “ 


4age 


-aL 


2  2 
a  +  B 


and 

P  .  P  «  I  ab(16a232e~2aL)  2 

T  4  R(aW>2  1 


Now  Rq  Is  equal  to  uuq/6  and  assuning  the  input  and  output  propagating  wave¬ 
guide  sections  are  filled  with  the  same  dielectric  as  the  resonator  then  the 


B's  are  the  same  and 
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(11-47) 


.  .  2.2  -2aL  , 
p  .  4«ba  B  e  2 

LOAD  ,  2.02. 2  1 

toy  (o  +B  ) 

0 


Then  Q  or  Q*,  cen  be  calculated  using  Eqs.  11-41  an(j  n-47  ln  Eq.  11-35. 


to  S  e  (a2+B2)2  f  f2(z)  dz 
rro  a1 


Si  "  QE2  ” 


.  2.3  -2aL 
4a  B  e 


(11-48) 


Plnally  QL  can  now  be  calculated  with  the  aid  of  Eq.  11-36  since  QE1,  0E2  and 


0  are  known, 
u 


3.  Insertion  Loss  at  Resonance 

The  fraction  of  the  incident  power  PQ  transmitted  by  a  resonator  at 
resonance  is  from  Eq.  H-37 


x. 

Po  V>£2 

res 


(11-49) 


Now  Ql  can  be  determined  from  Eq.  n_36  *nd  since  in  most  cases  Q£1  -  QE2  -  qe 


n  1  S 

Ql  -i-  +  f '  ‘W21 

S  E 


(11-50) 


Hence 


or  the  Inverse 


P°  iqe/v2}2 


iqe/qu«]- 


(11-51) 
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Thus  the  Insertion  loss  P0/Tlres  increases  as  Q£  Increases  and  approaches 
infinity  as  approaches  infinity.  This  means  very  little  energy  is  coupled 
into  and  out  of  the  resonator.  On  the  other  hand  as  Q  approaches  zero  the 
insertion  loss  also  approaches  zero.  But  since  is  never  larger  than  Q£ 
the  design  of  symmetrical  filters  of  this  type  results  in  a  compromise  between 
low  insertion  loss  and  high  Q^. 

D.  Cascaded  Resonator 

It  is  well  known  that  when  two  identical  tuned  circuits  or  resonators 
are  connected  in  series  or  cascade,  the  overall  selectivity  will  be  Increased 
over  that  of  one  tuned  circuit  alone.  Another  way  of  stating  this  is  that 
the  bandwidth  is  reduced  or  that  the  Q  of  the  combination  is  higher  than  the 
Q  of  a  single  unit. 

In  practice  two  kinds  or  types  of  cascaded  resonators  or  multistage 
filters  are  recognized.  The  division  is  based  on  the  type  of  coupling  used 
to  connect  the  resonators  together.  The  two  types  are  direct  coupled  filters, 
in  which  the  output  of  one  resonator  is  coupled  directly  into  the  input  of  the 
next  resonator  and  quarter-wave  coupled  filters,  in  which  a  quarter-wave  trans¬ 
mission  line  f.B  used  to  couple  the  resonators  together.  Thus  far  only  the  case 
corresponding  to  the  direct  coupled  filter  has  been  tried  with  cascaded  cutoff- 
coupled  resonators. 

In  direct  coupled  metal-walled  resonators  one  can  show  that  for  Identical 
resonators  the  resonant  frequency  is  the  same  as  it  was  for  just  one  of  the 
resonators,  regardless  of  how  tight  the  coupling  is.  The  reason  for  this  can 
be  seen  from  the  sketches  of  the  standing  wave  patterns  shown  in  Fig.  11-7.  In 
Fig.  ll-7(a)  the  pattern  for  a  single  resonator  at  resonance  is  shown.  In  Fig.  1 1—7 (b 
is  shown  the  standing  wave  pattern  for  two  Identical  resonators  in  cascade  and 
direct  coupled.  Note  that  this  pattern  is  always  the  same,  no  matter  how 
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FIG.  11-7  STANDING  WAVE  PATTERNS  IN  CASCADED  RESONATORS 


tighcly  coupled  the  resonators  are.  In  the  extreme  case,  when  the  wall 
dividing  the  resonators  is  removed,  th%  combination  can  still  resonate 
at  the  original  frequency  since  the  new  single  resonator  would  still  con¬ 
tain  an  integral  number  of  the  original  half-wavelengths. 

The  standing  wave  pattern  for  a  single  resonator  cutoff-coupled  filter 
is  shown  in  Fig,  11-7 (c).  Note  that  because  of  the  reactive  but  finite  Impedance 
at  each  end  of  the  dielectric  filled  resonator,  the  standing  wave  pattern  does 
net  go  to  zero  at  the  ends.  The  case  corresponding  to  direct  coupling  between 
two  cutoff-coupled  dielectric  resonators  is  shown  in  Fig.  11-7 (d).  If  in  this 
latter  case,  it  was  desired  to  obtain  maximum  coupling  by  reducing  the  length 
L'  of  the  cutoff-coupling  section  to  zero,  a  single  resonator  of  length  2D 
would  be  formed.  However  for  the  original  applied  frequency  there  can  not 
be  a  zero  or  maximum  field  at  the  midpoint  of  the  resonator  as  required  for 
resonance.  In  order  to  obtain  a  zero  field  at  the  midpoint  of  the  new  larger 
single  resonator,  and  hence  be  in  resonance,  would  require  that  the  applied 
frequency  be  Increased.  This  would  correspond  to  the  case  of  p  -  1  in 
Eq»  11-30.  Thus  the  new  single  resonator  cannot  resonate  at  the  same  frequency 
as  the  two  lossly  coupled  resonators  do. 

Some  characteristics  of  cascaded  cutoff-coupled  dielectric  resonators 
differ  somewhat  from  those  of  metal-walled  resonators.  As  with  uetal  walled 
resonators  the  cutoff-coupled  filter  will  have  a  Q  curve  or  selectivity  curve 
as  shorn  in  Fig.  11-6  with  an  increased  value  of  QL  and  in  general  an  increased 
insertion  loss  at  resonance  compared  with  a  single  resonator  filter.  However, 
the  resonant  frequency  of  the  cascaded  cutoff-coupled  filter  will  in  general 
be  changed  from  that  of  a  single  resonator  filter.  As  the  length  of  the 
cutoff-section  between  the  dielectric  filled  res  mat or  approaches  zero,  f 
must  either  approach  the  resonant  frequency  of  a  single  resonator  of  length 
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2D  or  it  must  Increase  above  that  for  a  single  resonator  in  order  to  obtain  a 
zero  field  at  the  midpoint  of  a  resonator  of  length  2D.  As  the  length  of 
the  cutoff  section  betveen  the  dielectric  filled  resonators  is  increased, 
the  resonant  frequency  approaches  that  of  the  Individual  resonators  making 
up  the  cascade.  Quantitative  formulation  of  this  behavior  has  not  yet  been 
attempted. 

In  practice  it  is  virtually  impossible  to  fabricate  two  Identical 
resonators  that  can  be  used  in  cascade.  The  resonator  with  the  lower  res¬ 
onant  frequency  could  be  shortened  slightly  in  an  attempt  to  make  it  coincide 
with  the  second  resonator.  A  better  way  however  is  to  make  use  of  a  small 
perturbation  such  as  a  screw  inserted  into  the  volume  of  the  resonator  where 
the  field  amplitude  is  large.  Such  a  perturbation  can  be  shown  to  be  equiva¬ 
lent  to  a  capacitance  shunting  the  resonator  and  hance  results  in  increasing 
the  C  in  the  equivalent  circuit  of  Fig.  11-6.  Thus  the  resonant  frequency  can 
be  shifted  an  amount  determined  by  the  depth  of  penetration  of  the  screw  into 
the  dielectric  filled  resonator.  The  details  of  construction  of  such  a  tunable 
resonator  as  well  as  the  fabrication  and  experimental  measurements  made  on 
cutoff-coupling  dielectric  resonators  will  be  given  next. 

£.  Fabrication  and  Measurement  Technique 
1.  Construction  of  the  Filters 

Rectangular  waveguide  normally  used  at  X-band  was  chosen  as  the  most 
suitable  for  making  up  the  experimental  filters.  This  waveguide  size  (0.9  x  0.4 
inches)  is  cut-off  for  the  intended  operating  frequency  of  3.0  GHz  but  can  be  made 
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propagating  by  filling  the  guide  with  a  high  dielectric  constant  material.  The 
normal  cut-off  frequency  of  air-filled  X-band  waveguide  is  6.57  GHz  but  this  cut¬ 
off  frequency  can  be  reduced  to  a  value  well  below  3.0  GHz  by  filling  the  guide 

with  a  commercial  dielectric  called  "Stycast  Hi  K",  which  has  a  dielectric  con- 
41 

stant  of  10.  This  material  is  a  hard  white  plastic  that  can  be  machined  quite 
easily.  It  is  however  somewhat  brittle  and  hence  is  easily  broken  or  chipped. 

The  resonators  were  made  by  cutting  a  section  of  the  X-band  waveguide  to  the 
length  required  for  a  dielectric-filled  section.  Then  a  piece  of  the  dielectric 
was  machined  and  force-fitted  inside  the  waveguide  so  that  it  filled  the  wave¬ 
guide  as  completely  as  possible.  A  number  of  pieces  of  waveguide  (air-filled), 
cut  to  convenient  lengths  (such  as  1",  1/2",  1/4",  1/8"),  were  made  complete 
with  flanges.  These  pieces  formed  the  cutoff  coupling  sections.  When  these 
pieces  were  joined  to  both  ends  of  the  dielectric-filled  section,  a  complete 
cutoff-coupled  dielectric  resonator  resulted.  A  photograph  of  such  a  resonator 
is  shown  in  Fig.  11-8. 

A  possible  drawback  to  tbls  method  of  construction  is  that  the  dielectric 
material  is  force-fitted  into  the  waveguide.  It  is  generally  Impossible  to  Iicve 
the  dielectric  touching  the  waveguide  in  all  places,  and  hence  therc  will  always 
be  a  few  small  air  spaces  between  the  faces  of  the  dielectric  block  and  the  wave¬ 
guide  walls.  Such  small  air  spaces  or  minor  flaws  can  Introduce  large  susceptdnces 

into  the  guide.  A  technique  suggested  by  Goodwin  and  Moss  to  eliminate  air  gaps 

42 

is  to  electroform  with  silver  or  copper  onto  the  dielectric  filling  the  guide. 


41.  "Stycast  Hi  K",  is  manufactured  by  Emerson  &  Cuming,  Inc.  Canton,  ’^^sachusetts. 

42.  F.  E.  Goodwin  and  G.  E.  Moss,  "Broad-Band  Impedance  Matching  into  Dielectric- 
Filled  Waveguides,"  IEEE  Transactions  on  Microwave  Theory  and  Techniques, 

Vol.  MTT-11,  No.  1,  January  1963,  p.  37. 
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FIG.  11 -8  CUTOFF-COUPLED  DIELECTRIC  RESONATOR  FILTER 


A  resonator  whose  resonant  frequency  was  adjustable  was  also  constructed. 

A  resonator  that  has  a  standing  wave  pattern  with  a  maximum  field  at  the  midpoint 
between  the  two  end  flanges  was  selected  for  this.  It  was  made  tunable  by  dril¬ 
ling  a  hole  at  the  standing  wave  pattern  maximum  1/8"  deep  into  the  dielectric 
filling  the  resonator.  A  nut  for  a  No.  8  screw  was  soldered  on  the  top  outside 
of  the  waveguide  in  order  that  the  depth  or  penetration  of  the  screw  into  the  hole 
in  the  dielectric  could  be  adjusted.  This  adjustable  susceptance  is  equivalent 
to  changing  the  effective  length  of  the  dielectric  filling  the  resonator.  A  tun¬ 
able  reaonator  is  shown  in  the  photograph  of  Fig.  11-9. 

2.  Coupling  into  Dielec trie- Filled  Waveguide 
It  appeared  that  a  propagating  dielectric-filled  waveguide  of  the  same  cross- 
sectional  size  as  the  resonator  would  be  desirable  at  both  resonator  ports  to 

4 

carry  energy  into  and  out  of  the  filter.  Furthermore,  if  the  dielectric  constant 
of  the  filled  waveguide  sections  is  the  same  as  that  of  the  resonator,  then  the 
equation  for  Q£  would  be  simplified.  It  was  therefore  decided  to  use  X-band 
waveguide  filled  with  Stycast  Hi  K  dielectric  material  with  an  e^lO  to  couple 
into  and  out  of  the  filters.  A  suitable  means  of  coupling  these  dielectric- 
filled  waveguides  to  the  source  and  load  must  now  be  decided  on. 

The  3  GHz  or  S-band  source  available  was  a  726B  klystron  and  had  a  coaxial 
output.  A  suitable  load  which  would  also  serve  to  measure  the  output  power  of 
the  filter  would  be  either  a  crystal  or  a  thermistor.  Both  of  these  devices  were 
available  in  coaxial  form.  Thus  coupling  to  the  dielectric-filled  waveguides 
using  regular  X-band  coax-to-wavegulde  junctions  (with  adjustable  plungers  for 
tuning)  filled  with  dielectric  was  considered.  However,  when  two  of  these  di¬ 
electric-filled  junctions  were  tried  out  by  joining  their  flanges  together  and 
connecting  one  junction  to  the  source  and  the  other  to  a  crystal  by  coaxial 
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FIG  .11-9  TUNABLE  CUTOFF-COUPLED  DIELECTRIC  RESONATOR  FILTER 


cables.  It  was  observed  that  the  crystal  output  current  varied  considerably 
with  frequency.  This  variation  night  be  due  to  several  factors.  First,  the 
junctions  were  designed  for  use  at  X-band  rather  than  at  S-band.  Secondly,  the 
junction  cannot  be  tuned  with  its  metal  plunger  since  the  dielectric  can  extend 
only  up  to  the  adjustable  plunger.  Thus  it  appeared  that  the  dielectric-filled 
junctions  were  not  suitable  for  coupling  from  a  coaxial  cable  to  the  dielectric- 
filled  waveguide. 

An  alternative  means  of  coupling  into  the  dielectric-filled  waveguide  is  to 
go  from  a  coaxial  cable  to  an  S-band  (air-filled)  waveguide  using  the  conventional 
S-band  junction,  and  then  use  a  transition  from  the  S-band  waveguide  to  the  di¬ 
electric-filled  X-band  waveguide.  This  waveguide  transition  might  be  either  a 
straight  line  taper  or  a  step  taper.  Because  of  ease  of  fabrication  the  straight 
taper  section  was  used. 

This  straight  line  transition  consists  of  a  tapered  waveguide  with  a  dielec¬ 
tric  insert  having  a  reverse  taper.  Such  waveguide  taper  sections  can  be  seen 
in  the  photograph  of  Fig.  11-10.  Note  that  the  waveguide  walls  in  both  E  and 
H  planes  are  tapered  along  straight  lines  from  S-band  size  to  X-band  size.  Not 
observable  in  the  photograph  is  the  tapered  dielectric  insert  which  is  inside 
each  waveguide  taper.  The  tapered  dielectric  piece  begins  as  a  point  at  the  S- 
band  end  of  the  transition  and  in  the  center  of  the  cross-section  of  the  wave¬ 
guide.  As  the  metal  waveguide  walls  taper  down  to  X-band  size,  the  dielectric 
Insert  tapers  up  along  straight  lines  in  both  planes  until  it  becomes  X-band 
size  at  the  same  point  that  the  metal  waveguide  walls  become  X-band  size.  Thus 
a  gradual  transition  is  made  from  air-filled  S-band  to  dielectric-filled  X-band 
waveguide.  As  long  as  the  length  of  the  tapered  section  is  much  greater  than  a 
wavelength,  such  a  transition  will  transmit  power  with  negligible  reflections. 

The  tapers  constructed  were  3"  in  length  and  used  Stycast  Hi  K,  which  had 
a  dielectric  constant  of  10,  for  the  insert.  To  test  the  performance  of  these 
tapers,  their  X-band  flanges  were  connected  together  and  a  726B  klystron  was 
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FIG.  11-10  SYSTEM  FOR  POINT -BY- POINT  FREQUENCY  RESPONSE  MEASUREMENT 


used  to  feed  power  through  a  coaxial  cable  to  the  S-band  waveguide.  An  S-band 
thermistor  was  used  to  monitor  the  output  power.  The  output  power  was  constant 
within  +2  db  from  2.90  GH*  to  3.45  GHz. 

3.  Swept- Frequency  Method 

The  basic  circuit  used  for  the  Insertion  loss  versus  frequency  measurements 
made  on  the  filters  Is  shown  In  Fig.  11-10.  A  coaxial  cable  was  connected  from  the 
output  of  a  726B  klystron  through  an  attenuator,  an  H-P  536  wavemeter,  and  a 
Sperry  04452  ferrite  Isolator  to  an  S-band  (air-filled)  waveguide.  The  purpose 
of  the  Isolator  was  to  ensure  that  the  resonator  saw  a  matched  waveguide  Imped¬ 
ance  at  its  input  port,  so  that  Eq.  11-48  for  Q  Is  valid.  A  taper  was  used  to 

b 

feed  the  power  from  the  S-band  guide  to  the  dlelectrlc-fllled  X-band  guide. 

From  the  X-band  guide  the  power  was  fed  into  the  Input  cutoff  section,  the  di¬ 
electric-filled  section,  and  the  output  cutoff  section  of  the  cutoff -coupled 
dielectric  resonator.  Finally,  power  was  led  from  the  resonator  through  another 
section  of  dlelectrlc-fllled  X-band  guide,  and  then  through  a  taper  to  an  S-band 
guide  where  a  load  served  as  a  detector. 

In  Fig.  11-10  the  load  Is  shown  as  a  thermistor;  however  the  photograph  shows 
the  point-by-point  measuring  set-up  rather  than  the  swept-frequency  method.  In 
the  swept-frequency  method  the  thermistor  was  replaced  by  a  crystal  detector,  the 
output  of  which  was  connected  to  one  of  the  vertical  inputs  of  a  dual  trace  oscil¬ 
loscope.  In  addition  a  coaxial  cable  and  crystal  was  connected  from  a  second 
output  of  the  klystron  to  the  second  vertical  input  of  the  oscilloscope,  and  a 
cable  was  connected  from  the  sawtooth  terminal  of  the  oscilloscope  to  the  modu¬ 
lation  Input  terminal  of  the  klystron  power  supply.  Thus  the  frequency  of  the 
klystron  was  swept  (modulated)  and  the  direct  output  of  the  klystron  and  the  out¬ 
put  of  the  resonator  were  monitored  on  the  oscilloscope  as  a  function  of  frequency. 
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The  svept-frequency  method  was  used  to  obtain  an  approximate  value  of  the 
resonant  frequency,  and  the  insertion  loss  at  resonance  of  the  resonator.  In 
addition  the  svept-frequency  method  of  measurement  permitted  a  check  for  power 
transmitted  by  the  resonator  at  frequencies  other  than  those  near  resonance. 

In  order  to  determine  accurately  the  response  of  the  filter,  that  is,  insertion 
loss  versus  frequency,  a  point-by-point  method  of  measurement  was  used. 

4.  The  Point-by-Point  Method 

The  point-by-point  method  of  measurement  uses  the  circuit  and  equipment 
shown  in  Fig.  11-10.  The  output  power  was  measured  with  an  H-P  S486A  thermistor 
and  associated  H-P  431B  power  meter.  The  remainder  of  the  equipment  has  already 
been  described.  The  particular  combination  of  thermistor  and  power  meter  used 
gave  very  accurate  power  readings.  The  accuracy  is  rated  at  +5X  of  full  scale 
and  thus  the  power  readings  were  usually  accurate  to  within  a  few  tenths  of  a 
decibel. 

The  technique  used  to  measure  the  insertion  loss  versus  frequency  was  as 
follows.  First,  with  the  circuit  identical  to  that  shown  in  Fig.  11-10  (no  modu¬ 
lation  of  the  klystron),  the  frequency  and  output  power  were  read  and  recorded. 
The  second  step  consisted  of  removing  the  entire  filter  from  the  circuit  and 
joining  together  the  two  X-band  flanges  of  the  tapers.  The  new  reading  on  the 
power  meter  was  noted,  and  in  addition  the  frequency  was  checked  with  the  wave- 
meter  to  make  sure  no  frequency  drift  had  occurred.  Thus  the  insertion  loss  at 
a  particular  frequency  was  obtained  by  subtracting  the  two  power  readings  ob¬ 
tained  in  manner  just  described.  Other  points  on  the  Q  curve  were  found  by 
changing  the  klystron  frequency  and  repeating  the  above  procedure. 

The  insertion  loss  at  resonance  was  found  with  a  slight  change  in  procedure. 
Near  resonance  the  power  output  meter  reading  was  observed  while  the  repeller 
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voltage  of  the  klystron  was  varied  (and  thereby  varying  the  frequency) .  The 
frequency  for  which  the  maximum  power  reading  obtained  determined  resonance. 
The  Insertion  loss  at  this  frequency  was  then  measured. 

F.  Theoretical  Design  and  Experimental  Results 
1.  Single  Stage  Filters 
a.  Design 

The  design  of  single  stage  curoff-coupled  band  pass  filters  can  be 
accomplished  by  using  the  theory  presented  In  the  previous  section.  The 
waveguide  sine,  the  relative  dielectric  constant  to  be  used  In  the  propa¬ 
gating  sections,  and  the  resonant  frequency  of  the  filter  must  be  decided  upon 
first.  The  alr-fllled  waveguide;  must  be  of  such  dimensions  that  It  Is  cutoff 
at  resonance  but  can  be  made  propagating  when  it  Is  filled  with  the  dielec¬ 
tric  material.  The  experimental  filters  described  In  the  previous  section 
use  X»band  waveguide  and  a  material  with  a  dielectric  constant  of  10  for  a 
chosen  resonant  frequency  of  3.10  GHz.  The  only  parameters  that  remain  to 
be  determined  are  the  lengths  of  the  propagating  and  cutoff  sections. 

The  length  D  of  the  propagating  section  is  determined  by  Eq.  11-29  or 
11-30. 


or 


tan  BD 


.  2a* 
a2  2 
B  -a 


tan  BD  +  -|S§_  -  o 
a  -B 


(11-29) 
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Taking  the  arctangent  of  both  sides 


6D  +  a ret an  (  la6>) 
a  -6 


arctan  (0)  -  pir 


(11-30) 


where  p  Is  an  Integer  Including  zero 

a  is  the  attenuation  constant  of  cutoff  section 
and  6  Is  the  phase  constant  of  propagating  section 
Since  the  resonant  frequency  has  been  specified,  a  and  B  of  the  cutoff  and  pro¬ 
pagating  sections  respectively  can  be  found  by  substituting  and  the  proper 
value  of  e  in  Eq.  11-1  with  m«l  and  n*o  since  the  TE^q  node  is  being  considered. 


where  c  Is  the  permittivity  of  the  medium  in  the  guide 

a  and  b  are  the  usual  cross-sectional  dimensions  of  the  waveguide 
and  m  and  n  are  Integers  including  zero  (note:  m  and  n  are  not  to  be 
zero  simultaneously) . 

Thus  the  only  unknowns  in  Eq.  11-30  are  the  length  D  and  the  mode  number  p.  Now 
fro.')  the  relation  between  D  and  p  expressed  by  Eq.  11-31. 


or 


_  d  1  2a6 

D  '  2  ‘  U  ,rct“  ~2~2  Ul-31) 


D  ■  +  s 
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where 


— X/4  <  8  <  +  T 
—  —  4 

it  Is  clear  that  the  shortest  possible  resonator  length  corresponds  to  pao. 

As  p  takes  on  increasing  Integral  values  (1,2,3,***)  the  length  D  Increases. 

Any  Integral  value  nay  be  chosen,  however,  in  order  to  make  the  resonator  as 
compact  as  possible  values  of  p  ■  0,  1,  or  2  should  be  used.  Once  p  hat  been 
chosen  the  value  of  D  can  be  calculated  from  Eq.  11-30. 

The  values  of  a  and  6,  determined  by  using  the  f^,  and  the  waveguide 
size  chosen  here,  are 

a  ■  120.6  nepers/m 
P  ■  133.0  radians/m 

Then  for  p«0;  D*0.875  cm  ■  0.344", 
for  p“l;  D-2.92  cm  -  1.15", 
and  for  p-2;  D-4.98  cm  -  1.96". 

The  lengths  of  he  cutoff  sections  of  waveguide  have  a  considerable  in¬ 
fluence  on  the  loaded  Q£  of  the  resonator  filter.  The  length  L  of  a  cutoff 
section  has  a  direct  bearing  on  the  external  Q£^  as  shown  by  Eq.  11-48. 

D 

2  t  2,.« ,2*2  f  .2,  .  . 

u  e  c  (o  +8  )  if  (z)  dz 

QE1  QE2  -  203  -2oL  (11-48) 

4a  8  e 


In  turn  Q£1  influences  Q£  according  to  Eq.  H-50,  where  for  simplicity  Q£2  is 
assumed  to  be  equal  to  Q£^. 


1  yE 

_L  +  _L“  [Qr/Q+2] 
Q  Qr 

vu  VE 


(11-50) 
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Thus,  if  the  design  calls  for  equal  length  cutoff  sections  at  both  ends  of  the 
resonator,  i.e.,  -  0^*  then  Eqs. 11-48  and  11-50  specify  Q^. 

In  order  to  calculate  from  Eq.  11-48  the  value  of 

z-D  ? 

/  f  <*)  dz 
z-0 


must  first  be  determined.  To  do  this  f(z)  must  be  plotted  using  Eq.  11-34. 


E  - 


-jBz  ,  JBz  JB  arctan 
0  •  0  0 


2a8 


k  2 
8  -a 


2>  E1 


(11-34) 


Nov  f(z)  is  the  amplitude  of  the  ■ tending  wave  pattern  relative  to  the  incident 
field  E^  in  the  propagating  section.  Thus 

fKt)  ,  .lLL^-^l-.U.l34[ 

E1 


Typical  curves  of  f(z)  were  shown  in  Fig.  11-5  of  a  previous  section.  Now  the 

square  of  f(z)  must  be  Integrated  along  the  length  of  the  propagating  section 

of  waveguide.  The  vilue  of  this  Integral  is  then  substituted  into  Eq.  11-48 

along  with  u  ,  a,  8  and  L  to  determine  Q_. . 

r  cl 

In  order  to  determine  the  value  of  from  Eq.  11-50  the  value-  of  Q£  * 

0^1  ■  Qgj  and  the  unloaded  Q  must  be  known.  Now  depends  on  the  un¬ 

loaded  Q  accounting  for  waveguide  wall  losses  and  Qu(q)  the  unloaded  Q  accounting 
for  dielectric  losses.  The  value  of  Qtl^w^>  though  only  approximate,  is  given 
by  Eq.  11-44. 


Qu(v)  TE 


1,0,1 


ab  |  [a2+(X/2)2]  Afpo 
a3(X/2)  +  a(X/2', 3  +  2(X/2)3  b 


(11-44) 
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The  value  of  is  given  by  the  reciprocal  of  the  loss  tangent  of  the  di¬ 

electric  filling  the  resonator,  thus 


Qu(D) 


1 

tan  6l 


(11-42) 


Therefore  to  make  Qu^w^  and  Qu(q)  high,  the  metal  of  the  waveguide  walls  should 
have  high  conductivity  and  the  loss  tangent  of  the  dielectric  filling  the  resona¬ 
tor  should  be  small.  With  and  known  the  value  of  can  be  determined 

from  Eq.  11-45. 


Q 


u 


(11-45) 


Finally  the  value  of  Qg  can  now  be  determined  from  Eq.  11-50. 

It  can  be  seen  from  the  above  procedure  that  the  value  of  Qg  can  be  con¬ 
trolled  by  varying  such  factors  as  L  and  D.  Increasing  L  Increases  Q£,  and  in¬ 
creasing  D  also  Increases  Qg  since  then  the  integral  of  the  square  of  f(z)  over 
the  length  0  increases.  Now  Qg  can  approach  the  value  of  0y  if  Qg  is  made  large 
enough.  On  the  other  hand,  as  Qg  approaches  zero  so  does  Qg. 

It  is  almost  obvious  that  if  a  high  Qg  is  desired  then  a  high  Insertion  lpss 
at  resonance  must  be  accepted.  The  relationship  is  given  by  the  ratio  of  the  trans¬ 
mitted  power  T  to  the  Incident  power  Pq.  This  ratio  is  according  to  Eq.  11-51. 


P' 

o 


res 


4 

IVV2J2 


(11-51) 


Using  the  procedures  and  equations  just  presented  it  is  possible  to  predict 

the  behavior  o*  the  filter.  Once  f  ,  Q.  and  the  insertion  loss  at  resonance  are 

r  l 

known,  the  frequency  response  of  the  filter  can  be  calculated.  This  can  be  done 
by  the  equation  and  information  given  in  Fig.  11-6. 
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The  values  of  the  various  Q's  associated  with  filters  which  have  specific 
resonator  lengths  D  equal  to  0.344",  1.15"  and  1.96"  were  calculated.  The 
function  f (z)  required  for  these  calculations  is  shown  in  Fig.  11-11. 

The  Integration  of  f2(x)  is  carried  out  as  follows: 

J°  f2<*>  d*  -  (p+D  J^2  sin2  (tt|)  dz  -2  J0*227"  sin2(itz/A/2))  dz 
o  o  o 

But  X  “  2r/0  ■  4.1  cm  ■  1.615",  0.227"  ■  0.577  x  10  2  n,  and  the  two  integrals 
are  evaluated  as: 

,D  2  |0. 577x10 

/  f  <*)  dz  -  (p+1)  (X/2*l/2)  -  2(z/2  -  l/4(X/(2v))sin(4xz/X)) 
o  lo 

-  (p+1) (1.025  x  10-2)  -  (.577  -  .163sin  76.6°)x  10-2 

-  ((p+1) (1.025)  -  .418)  x  10‘2 

So  for  p  -  0  (D-.344"):  fD  f2(z)  dz  -  .607 

o 

for  p  -  1  (D  -  1.15"):  JD  f2(z)  dz  -  1.632 

o 

for  p  -  2  (D  -  1.96"):  fD  f2(z)  dz  -  2.657 

o 

Qe^  can  be  put  in  the  fora: 

QE1  -  2.93  (  JD  f2(z)  dz)  £2’120*6  L 
This  equation  was  evaluated  for  typical  values  of  L  and  p: 


f (z)  FOR  3.10  GHz  RESONATORS 


The  loss  tangent  of  the  dielectric  material  used  in  these  resonators  is 

given  by  the  manufacturer  as  0.0007,  therefore  “  0.0007.  The  value  of 

Qu(w)  using  Eq.  44  is  6,130  for  copper  waveguide  walls.  Thus  *  0.000163 

and  lienee  from  Eq.  50  1/Qu  0.000863. 

With  the  above  values  of  Q_,  and  Q  known,  QT  and  the  insertion  loss  <t 

El  u  L 

resonance  were  calculated  and  have  the  values  shown  in  Table  11-1. 

b.  Experimental  Results 

A  typical  measured  curve  of  insertion  loss  versus  frequency  is  shown  in 

^*8*  H“12.  The  measured  insertion  loaa  at  resonance  and  the  measured  QL  obtained 
from  the  response  curves  for  the  six  single  stage  filters  constructed  are  shown  in 

Table  11-1.  A  comparison  between  the  experimental  and  predicted  values  of  in¬ 
sertion  loss  and  listed  in  Table  11-1  shows  good  agreement. 

The  measured  resonant  frequencies  for  the  four  filters  with  D  -  1.96"  were 
very  close  to  the  predicted  value  of  3.100  GHz.  A  resonator  with  D  ■  1.15r  re- 
sonanted  at  3.014  GHz.  This  deviation  of  fr  from  the  predicted  value  could  have 
been  caused  by  a  deviation  in  the  value  of  cr  of  the  dielectric  from  its  nominal 
value  of  10  or  by  a  loose  fit  in  the  waveguide,  creating  a  susceptance  across  the 
guide.  The  dielectric  slab  was  sanded  down  to  a  length  of  1.007".  The  results 
for  this  case  are  given  in  Table  11-1  and  shows  how  fr  can  be  increased  by  reducing 
the  length  of  the  dielectric  section.  A  resonator  with  a  D  *  0.344"  resonated  at 
2.984  GHz.  This  dielectric  slab  was  also  sanded  down  to  a  length  of  D  *  0.314". 

The  resonant  frequency  was  raised  to  3.088  GHz  as  shown  in  Table  11-1.  An  attempt 
to  raise  the  frequency  further  resulted  in  the  accidental  breaking  of  the  di¬ 
electric  slab. 

A  characteristic  noted  in  all  measured  response  curves  was  an  unsymmetry 
about  the  center  frequency.  The  response  curve  shown  in  Fig.  11-12  is  typical  of 
the  unsymmetry  observed.  An  ideal  symmetrical  Q  curve  is  shown  dotted  in  Fig. 1 1—12 r 
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TABLE  11 -I 


COMPARISON  OF  THEORETICAL  AND  EXPERIMENTAL  RESULTS 


I.  D  - 

1.96" 

Outoff  sec- 

Para- 

Theoretical  Value 

Value  observed 

tion  length  L 

meter 

for  Qu  -  1155 

experimentally 

3/4" 

f 

r 

3.100  GHz 

3.10  GHZ 

289 

260 

Ins. Loss  1 

Ires. 

2.47  db 

1.60  db 

1" 

fr 

3.100  GHz 

3.10  GHz 

698 

620 

I.L.  1 

Ires. 

8.14  db 

5.6  db 

1  1/8" 

fr 

3.100  GHz 

3.102  GHz 

«L 

890 

700 

‘•Hr... 

12.61  db 

13.2  db 

1  1/4" 

fr 

3.100  GHz 

3.10  GHz 

<>L 

1,010 

780 

I.L.  1 

Ires. 

17.9  db 

17.8  db 

II.  D  - 

L.077" 

Cutoff  aec- 

Para- 

Theoretical  Value 

Value  observed 

tion  length  L 

meter 

for  Qu  *  1155 
(D  -  1.15") 

experimentally 

1.036" 

f 

r 

3.100  GHz 

3.102 

«L 

634 

450 

I.L.  1 

|res. 

6.83  db 

5.4  db 

III.  D  - 

.314" 

Cutoff  sec- 

Para- 

Theoretical  Value 
for  Qu  -  1155 

(D  -  0.344") 

tion  length  L 

meter 

1.015" 

f 

r 

3.100  GHz 

3.088  GHz 

ql 

327 

310 

I.L.  1 

|  res. 

2.90  db 

4.3  db 
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A  comparison  between  the  two  curves  reveals  that  the  measured  insertion  loss  is 
larger  at  frequencies  below  resonance  and  smaller  at  frequencies  above  resonance 
than  would  be  obtained  for  a  symmetrical  response  curve.  This  effect  might  be 
due  to  some  imperfection  in  the  measuring  system;  however,  the  effect  can  also 
be  explained,  in  part  at  least,  by  examining  the  theory  developed  for  the  cutoff- 
coupled  dielectric  filter. 

It  will  be  recalled  that  the  resonance  condition  for  this  type  of  filter 
is 

tan  BD  -  (U-29) 

B  -a 

However  for  conventional  metal-walled  resonators  (all  of  which  theoretically  have 
perfectly  symmetrical  Q  curves)  the  length  D  must  be  an  integral  number  of  half- 
wavelengths.  That  is: 

tan  BD  -  0  (ll-29a) 

where  B  is  a  function  of  frequency  and  can  be  said  to  be  proportional  to  frequency 
over  a  fairly  large  range.  The  value  of  8  versus  frequency  Is  shown  In  Fig.  11-13. 

As  the  frequency  is  changed  from  the  resonance  condition  of  the  above 
equations,  the  equations  become  Inequalities.  The  difference  between  the  right 
hand  side  and  the  left  hand  side  of  this  Inequality  increases  as  the  frequency 
deviation  from  resonance  Increases.  This  difference  influences  the  response  cutve 
and  hence  the  insertion  loss  of  the  resonator.  Note  that  in  Eq.  ll-29a  only  the  left 
side  varies  with  frequency  while  in  Eq.  11-29  the  right  side  also  varies  with  fre¬ 
quency.  For  the  cutoff-coupled  resonators  tested  here, a  and  B  vary  with  frequency 
as  shown  in  Fig.  11-13.  It  can  be  seen,  from  Fig.  11-13,  that  near  3.10  GHz,  B  is  only 

slightly  greater  than  a.  Thus  the  product  aB  will  be  fairly  constant  with  fre- 

2  2 

quency  while  the  difference  (B  -o  )  will  be  fairly  small  and  will  vary  greatly 

2  2 

with  frequency  near  3.10  GHz.  For  example,  at  3.05  GHz,  (6  -a  )■  7,600,  while  at 
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3.15  GHz  it  in  equal  Co  10,400.  A a  Che  frequency  f  Increases,  6  Increases  and 
a  decreases.  Thus,  while  Che  lefc  side  of  Eq.  11-29  is  increasing,  Che  righC 
side  is  decreasing.  On  Che  ocher  hand  as  f  decreases,  a  lncrea&rj  and  6  de¬ 
creases  and  hence,  the  Jefc  side  of  Eq.  11-29  decreases  and  Che  righC  side  in¬ 
creases.  Now  sir.ci;  d  is  only  sllghcly  greater  Chan  a,  the  departure  from  Che 
resonance  condition  of  Eq.  11-29  occurs  at  a  rate  faster  for  decreasing  values 
cf  f  chan  it  does  for  Increasing  values  of  f.  This  conclusion  arrived  at  from 
Eq.  11-29  is  borne  out  by  Che  results  of  the  measurements;  Chat  is,  all 
measured  response  curves  were  unsymmetrical  as  predicted  here. 

2.  Cascaded  Resonator  Filters 

The  theory  of  cascaded  cutoff-coupled  dielectric  resonator  filters  presented 
in  an  earlier  section  was  practically  all  qualitative.  Thus  it  is  not  possible 
to  design  a  cascaded  resonator  filter  in  as  precise  a  manner  as  was  done  for  the 
single  stage  filters. 

In  making  up  a  cascaded  resonator  filter  it  is  first  necessary  to  fabricate 
two  resonators  with  identical  resonant  frequencies.  One  of  the  resonators  chosen 
for  this  was  the  resonator  with  D  -  1.96"  and  L  ■  3/4".  The  other  resonator  used 
was  tunable  and  had  a  D  -  1.93"  and  L  ■  3/4".  The  construction  of  such  a  tunable 
resonator  was  described  earlier. 

Actually  two  such  adjustable  resonators  were  constructed  originally,  both 
with  D  *  1.96",  and  although  they  were  constructed  to  be  as  nearly  identical  as 
possible,  each  behaved  quite  differently.  One  resonated  at  3.076  GHz  while  the 
other  resonated  at  3.047  GHz  (both  measurements  taken  with  the  tuning  screw  turned 
all  the  way  in).  This  behavior  tends  to  confirm  the  previously  stated  suspicion 
that  either  the  dielectric  constant  of  the  material  used  varies  slightly  from 
piece  to  piece  or  that  small  air  gaps  between  the  dielectric  and  the  waveguide 
walls  are  sometimes  present.  To  circumvent  this  uncertainty  in  ff,  the  dielectric 
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pieces  can  be  made  somewhat  longer  than  the  calculated  value  of  L  and  then 
sanded  down  In  steps  (checking  after  each  step)  until  f  has  increased  to 
the  desired  value.  For  example,  the  adjustable  resonator  with  f  *  3.076  GHz 
was  sanded  down  to  1.930".  Then  with  its  tuning  screw  turned  all  the  way  in 
ff  was  3.093  GHz,  and  with  the  screw  all  the  way  out  f  was  3.104  GHz. 

The  adjustable  resonator  and  the  fixed  resonator  with  D  “  1.96"  and 

L  «  3/4"  were  cascaded.  That  is,  a  cascaded  filter  was  made  up  which  consisted 

# 

of  a  3/4"  cutoff  section  at  the  input,  followed  by  the  1.93"  propagating  section 
with  the  adjustable  tuning  screw,  followed  by  1  1/2"  of  cutoff  waveguide  (3/4" 
from  each  of  the  two  single  stage  filters),  followed  by  the  second  fixed  tuned 
1.96"  propagating  section,  and  finally  terminated  by  a  3/4"  cutoff  section  at 
the  output.  The  response  curve  of  this  cascaded  filter  was  measured  and  is 
shown  in  Fig.  11-14. 

While  not  changing  anything  else  in  this  cascaded  filter,  the  cutoff  length 
L'  between  the  two  propagating  resonant  sections  vas  decreased  in  steps  from 
the  1  1/2"  value.  The  measured  response  curve  for  L'  *  0  is  shown  in  Fig.  11-15. 
For  all  the  values  of  L'  tried  the  resulting  values  of  fr  were  recorded.  There 
values  of  fr  versus  L'  are  plotted  in  Fig.  11-16. 

The  experimental  results  obtained  agree  with  the  qualitative  predictions 
made  earlier.  One  of  the  more  important  predictions  verified  by  the  measure¬ 
ments  was  that  f  does  vary  with  the  cutoff  length  L'  between  the  propagating 
resonant  sections.  For  large  L',  f  approaches  the  resonant  frequency  of  the 
individual  resonators.  As  L'  is  made  smaller  and  approaches  zero,  f^  approaches 
the  value  for  a  single  resonator  whose  propagating  section  has  a  length  D  equal 
to  the  sum  of  the  two  propagating  section  lengths  making  up  in  the  cascaded 
filter.  The  resonator  used  in  these  measurements  had  an  f  *  3.305  GHz  for 
L'«  0.  If  the  a  and  6  which  correspond  to  this  frequency  (118.0  and  170.1 
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respectively)  anil  the  total  length  1)  which  is  equal  to  3.92"  ■  9.96  x  1U  ^  m 
are  used  in  Eq.  11-29  the  resonance  condition  is  found  to  be  satisfied.  It  is 
interesting  to  note  that  the  relation  between  f  and  L'  appears  to  be  an  ex¬ 
ponential  (Fig.  11-16).  The  relation  can  be  expressed  as: 


f 

r 


3.10  +  0.20 


e-L70.34" 


where  L*  is  in  inches  and  f  is  in  GHz.  The  values  of  f  given  by  this  empir¬ 
ical  relation  are  almost  identical  to  those  plotted  in  Fig.  11-16. 

The  measurements  made  on  the  cascaded  filter  also  verify  the  prediction 

that  cascading  results  in  an  increase  in  Q .  This  behavior  is  not  unlike  that 

L 

obtained  for  conventional  filters.  The  of  the  cascaded  filter  calculated 
from  Fig.  11-14  is  345.  The  of  the  adjustable  resonator  was  found  to  be  258 
while  that  of  the  fixed  resonator  was  found  earlier  and  is  listed  in  Table  11-1 
as  260.  Thus  cascading  these  two  resonators  did  result  in  a  filter  with  a 
significantly  higher  Q^. 

Although  cascading  did  increase  Q^,  it  could  also  have  been  Increased  by 
using  a  single  stage  filter  with  a  longer  cutoff  section.  The  question  arises 
as  to  whether  a  single  stage  filter  can  be  made  to  have  both  a  higher  QL  and 
a  lower  Insertion  loss  at  resonance  than  the  cascaded  filter.  The  cascaded 
filter  used  in  these  measurements  had  an  insertion  loss  at  resonance  of  10.6  db 
(Fig.  11-14)  and  a  of  345.  However,  the  fixed  resonator  which  was  used  in  the 
cascade  has  a  0L  of  780  when  used  with  cutoff  sections  1  1/4"  long  (3ee  Table  11-1). 
Furthermore,  when  the  cutoff  sections  of  the  single  stage  filter  were  reduced  to 
1"  a  value  of  *  620  was  obtained  for  an  insertion  loss  at  resonance  of  only 
5.6  db.  Thus  it  is  possible  for  the  single  stage  resonator  to  have  a  higher 
Ql  and  a  lower  insertion  loss  at  resonance  than  a  filter  made  of  two  cascaded 
resonators . 
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XII.  CONCLUSIONS  AND  RECOMMENDATIONS 


The  cutoff-coupled  dielectric  resonator  can  be  used  as  a  two  port  band 
pass  filter.  Its  insertion  loss  varies  with  frequency  in  much  the  same  manner 
as  the  insertion  loss  of  a  lumped  parameter  filter  or  of  a  conventional  metal- 
walled  microwave  resonator. 

The  theory  presented  in  this  part  of  the  report  predicts  the  resonant 
frequency,  the  loaded  QL,  and  the  insertion  loss  at  resonance  of  the  cutoff- 
coupled  dielectric  resonator  band  pass  filter.  It  was  found  that  the  eutoff- 
coupled  resonator  has  a  standing  wave  pattern  at  resonance  which  consists  in 
general  of  a  non-integral  number  of  half  wavelengths.  This  fact  makes  the  cal¬ 
culation  of  the  resonant  frequency,  the  loaded  QL>  and  the  insertion  loss  at 
resonance  somewhat  more  difficult  than  in  the  case  of  the  conventional  metal- 
walled  microwave  resonator. 

Various  cutoff-coupled  bandpass  filters  were  constructed  for  use  at  S-band. 

These  filters  were  built  with  X-band  waveguide,  and  ranged  in  length  from  about 

2"  to  5".  A  dielectric  material  with  er  ™  10  and  a  loss  tangent  -  0.0007  was 

used  to  fill  the  resonators.  Measurements  on  these  filters  showed  values  of 

Ql  as  high  as  780.  However,  to  obtain  insertion  losses  at  resonance  of  less 

than  2  db  the  had  to  be  decreased  to  about  250  by  shortening  the  lengths  of 

the  cutoff  sections.  The  measured  values  of  Q.  ,  f  ,  and  Insertion  loss  at 

L’  r 

resonance  agreed  quite  mil  with  the  values  obtained  by  calculation  using  the 
theory.  The  measured  response  curves  were  however,  always  somewhat  unsymmetrlcal 
about  the  resonant  frequency.  The  unsymmetry  is  due  at  least  in  part  to  the 
variation  of  the  propagation  and  attenuation  constants  with  frequency. 

Cascading  of  two  cutoff-coupled  dielectric  resonator  band  pass  filters  was 
investigated.  The  theory  and  measurements  show  that  the  resonant  frequency  of 
the  cascaded  filter  varies  greatly  with  ths  length  of  the  cutoff  section  between 
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the  two  propagating  resonant  sect Iona.  Prediction  of  the  exact  behavior  of  the 
cascaded  cutoff-coupled  filter  was  not  fully  accomplished  due  to  the  complexity 
of  the  problem. 

The  use  of  a  cutoff-coupled  dielectric  resonator  band  pass  filter  Instead 
of  a  conventional  metal-walled  filter  may  be  advantageous  in  two  ways.  First, 
the  cutoff-coupled  filter  is  small  in  size.  Secondly,  it  is  highly  compatible 
for  use  with  dielectric-filled  waveguide  systema. 

Further  investigations  in  this  area  might  include  studies  of  other  types 
of  cutoff-coupled  microwave  filters,  such  as  band  rejection  filters  and  branching 
filters.  Also,  some  of  the  more  difficult  theoretical  problems  encountered  in 
the  present  study  might  be  investigated  further,  perhaps  using  computer  tech¬ 
niques. 
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Part  3 


RECTANGULAR  BEAM  WAVEGUIDE  RESONATOR  AND  ANTENNA 

Introduction 

The  study  carried  out  during  this  phase  of  the  research  dealt  with  two 
general  applications  of  the  beam  waveguide  of  rectangular  symmetry.  These  were 
the  rectangular  beam  waveguide  resonator  and  the  rectangular  beam  waveguide  an¬ 
tenna  formed  from  the  resonator . 

The  field  configurations  inside  the  resonator  were  determined  as  were  also 
the  resonant  frequencies.  Design  criteria,  fabrication  techniques,  and  methods 
of  coupling  to  the  resonator  were  devised.  The  predicted  characteristics  of  the 
resonator  developed  from  the  resonator  theory  were  verified  experimentally. 

The  theory  of  the  rectangular  beam  waveguide  antenna  was  developed  and  an 
equivalent  circuit  of  the  cavity  backed  antenna  was  derived.  Both  slot  and  hole 
coupling  were  studied  analytically  and  experimentally.  Designs  for  exciting  both 
the  n-o  and  n-1  modes  were  worked  out  and  the  use  of  both  of  these  modes  for 
a  monopulse  radar  antenna  was  investigated. 


XIV.  THEORY  OF  THE  RECTANGULAR  BEAM  WAVEGUIDE  RESONATOR 

A.  Beam  Waveguide  of  Rectangular  Syn.  retry 

The  beam  waveguide  of  rectangular  symmetry  has  been  investigated  theoret- 
43 

ically  by  Schwering.  His  investigation  is  based  on  the  principle  that  the 
general  solution  for  the  fields  in  a  source  free  region  of  free  space  can  be 
obtained  by  a  superposition  of  plane  waves  travelling  in  all  directions.  Re¬ 
stricting  the  direction  of  propagation  of  the  plane  waves  to  lie  within  a  small 

43.  F.  Schwering,  "Reiterative  Wave  Beams  of  Rectangular  Symmetry,"  Archiv  der 
Elecktrischen  Ueber tragung,  vol.  15,  1961,  pp.  555-564. 
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angle  around  the  beam  axis  permits  an  approximation  to  be  made  that  results  in 
the  separation  of  the  total  field  into  two  partial  fields.  One  partial  field 

has  only  and  for  transverse  components: 
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where  k  -  propagation  constant  in  free  space 

y  *  permeability  of  free  space 
o 

Eo  •  permittivity  of  free  space 
n  and  m  are  non-negative  Integers  called  mode  numbers 
The  other  partial  field  has  only  E  and  H^  for  transverse  components: 
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To  find  an  expression  for  the  beam  modes  E^  ^  (x,y,z),  the  phase  cor¬ 

rection  i|/  made  by  each  phase  transformer  shown  in  Fig.  14-1  is  written  as 
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(14-3) 


The  special  case  ip  m  ip  corresponds  to  a  beam  waveguide  of  cylindrical  sym- 
x  y 

metry.  The  values  of  >p  and  ip  differ  from  each  other  for  a  beam  waveguide  of 

x  y 

rectangular  symmetry.  It  can  be  shown  that  the  orthogonal  beam  modes  of  rec¬ 


tangular  symmetry  are  described  over  the  range  | zj  £  zq  by: 
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14-1  BEAM  WAVEGUIDE  WITH  RECTANGULAR  SYMMETRY 


2  2  2  2 
u  x  v  y 

e*p{ - V-2 - *2 - 2  }' 

L+(2u  z/k)  l+(2v  z/k) 
o  o 


2u^zx2/k  2v^zy2/k 

n  A  y 


exp{-j  [ - - - -  +  - 2_ - --  (n+l/2)arctan(2u  z/k)-  (m+l/2)arctan(2v  z/k)]} 

l+(2i/z/k)Z  l+(2v  z/!t)  °  ° 


(14. 4) 


where  uq  -  parameter  determining  field  variation  along  the  x 
direction 

vq  «*  parameter  determining  field  variation  along  the  y  direction 
Hen  ■  Hermite  polynomial  of  degree  n 
(*n  n  *  a  constant  amplitude  factor  depending  in  value  on  excitation 
method  and  shape  of  phase  transformers 

The  total  field  is  the  superposition  of  all  the  beam  modes  with  non-zero  values 


A  useful  dimensionless  parameter  wq  can  be  defined  by 

2 

w  -  2u  z  /k 
o  o  o 


(14-5) 


A  special  case  of  a  beam  waveguide  of  rectangular  Byntry  occurs  when  vq  is 
set  equal  to  zero.  Equation  14-4  is  then  simplified  substantially,  and  becomes 

E<1,2)(x,z)  -  a<1,2)  [1  +  (2u2z/k)2]1M  He  (- )• 
n  n  °  n  /l+(2u£z/k)z 

2  2  9  4  2.. 

u  x  2u  zx  /k  j 

exp  { - — j - j  -  j  ( - - - -  -  (n+l/2)arctan(2u  z/k)]}  (14-6) 

l+(2u  z/k)  l+(2u  z/k) 

o  o 

Note  that  now  the  beam  modes  are  independent  of  y.  This  y  independence  can 
be  brought  about  by  constructing  the  waveguide  to  be  independent  of  y,  that  is, 
by  letting  the  \|i  of  the  phase  transformers  be  zero. 

S.  Forming  a  Posad  Resonator 

Any  waveguide  may  be  formed  into  a  resonator  by  placing  short  circuits 
along  two  phase  fronts  that  are  separated  at  resonance  by  pr  radians  of  phase 
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Shift,  where  plain  integer.  Phase  fronts  of  the  beam  waveguide  of  rect«gular 
symmetry  are  found  using  the  equations  of  the  previous  section. 

The  case  of  a  bean,  waveguide  with  v#.0i,  the  only  one  that  will  be  treat¬ 
ed  in  this  report.  Such  a  waveguide  has  the  transverse  electric  field  components 
of  the  nth  node  given  by  Eqs.  14-1,  14-2,  and  14-6  as: 
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The  phase  shift  *  is  thus 
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Hence  4 


n  z«o  “  °*  So  the  *  "  0  Plane  Is  *  surface  of  constant  phase.  This 
Plane  is  chosen  as  the  convenient  position  of  one  of  the  short  circuits  of  the 
resonator.  Then  the  other  short  circuit  needed  to  make  a  resonator  must  lie 
along  a  phase  front  which  at  resonance  has  ^  .  p*.  Here  the  integer  p  is  set 
equal  to  unity  for  the  sake  of  ..king  the  resonator  of  small  size.  The  surface 
witft  *n*ii«  denoted  as  the  surface  z  -  -*^(*)  shown  in  Fig.  14-1. 

To  find  *Q(x)  the  following  equation  must  be  solved: 
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Replacing  Uq  by  wq  using  Eq.  14-5  gives 
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Generally  zq  is  many  wavelengths  long.  Typically,  S{)  is  at  least  50*,  where  A  is 
the  wavelength.  Now  z^  corresponds  to  s  radians  of  phase  shift,  and  so  z;  is 
approximated  by  A/2.  Thus  if  wq  is  ten  or  less  the  maximum  value  of  (w^z'/zj 
is  about  (10(A/2)/50A)  -  0.10.  Then 

arctan  (w  z'/z  )  *  w  z'/z 
o  n  o  o  n  o 
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and 


1  +  (w  z'/z  )2  <  1.01  =  1 
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w 

hence  <j>  ■  n  s  z'  [k  +  k  - (n+1/2)  — ]  (14-11) 
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Solving  for  the  phase  front  surface  z^(x),  the  surface  at  which  the  short  cir¬ 
cuit  must  be  placed,  yields 
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Using  k  »  2rr/X  gives 
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Thus  once  wq,  n,  zq,  and  k  are  chosen,  Eq.  14-12  may  be  used  to  determine 

z'(x)  for  the  resonator, 
n 

The  positions  of  the  two  short  circuits  required  for  a  resonator  have  now 

been  established  at  z  -  0  and  z  -  -z'(x),  as  sketched  in  Fig.  14-1.  In  prac- 

n 

tice  these  short  circuits  would  consist  of  metal  walls  that  approximate  perfect 
conductors.  The  y  independence  of  the  resonator,  because  vq  «  0,  dictates  that 
both  short  circuits  must  extend  to  y  -  +  00  and  y  ■  -  «°.  This  infinite  extension 
is  Impractical,  so  some  way  is  sought  to  confine  the  resonator  to  small  y  space 
while  8 till  having  vq  »  0. 

’  The  method  devised  for  limiting  the  y  extension  of  the  resonator  is  to  place 
metal  walla  approximating  perfect  conductors  at  two  constant  y  planes,  y  «  -  h/2 
and  y  *  +  h/2  .  Figure  14-2  shows  the  rectangular  beam  waveguide  resonator  thus 
formed. 

The  boundary  conditions  at  perfect  conductors  are  well  known. 


n  x  E  -  0 
n  x  H  -  Jg 

where  n  is  the  unit  vector  normal  to  the  conducting  surface 


(14-14) 
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and  Jg  is  the  surface  current  density  in  the  conductor 
Applying  the  first  condition  to  the  resonator  walls  at  y  «=  +  h/2,  -  h/2 
gives  •  0  at  these  two  constant  y  planes.  But  since  vq  **  0,  the  reson¬ 

ator  fields  are  invariant  with  y,  and  thus  Ex  and  E^  must  be  zero  everywhere 
within  the  resonator.  Then  the  partial  field  relation  in  Eq.  14-1  gives  *  0. 
The  other  transverse  partial  field  consists  of  E  and  H  as  given  by  Eq.  14-2 

y  ^ 

and  can  exist  in  the  resonator. 

The  only  possible  complication  due  to  the  introduction  of  the  conducting 
planes  at  y  ■  +  h/2,  -  h/2.  is  the  possibility  of  resonance  between  these  paral¬ 
lel  planes.  Plane  waves  with  H  ■  H  u  and  E  ■  E  u  travelling  in  the  +y  di- 
rections  shown  in  Fig.  14-2  would  resonate  if  h  ■  A/2  Note  that  Hq  and  Eq 
are  constants.  Such  a  resonance  is  not  a  rectangular  wave  beam  resonance  but 
is  similar  to  an  ordinary  narallel-plane  resonance.  To  avoid  this  spurious 
resonance,  h  must  be  restricted  to  h<X/2  throughout  the  frequency  range  of 


interest. 


C„  Determination  of  Resonant  Frequencies 


The  resonant  frequencies  of  the  rectangular  beam  waveguide  resonator  can 
be  derived  from  Eq.  14-12  for  z^(x)  in  terms  cf  k.  Rearranging  the  equation 
gives  k  in  terms  of  zq(x): 


*  .  /_  .  Is  W° 

Poo  +  (n  +  i>  t 

n  o 


(14-15 


Using  k  -  27tf/c, 


n  2  .  2  ? 
7ttz  +  iw  x 
o  o 


71  .  /  .  In  O 

!TxT +  <n  + r 


(l-*-io 


1/6. 


Equation  14-16  can  be  put  in  a  more  convenient  form  by  letting  x  »  0,  thus 


f 

n 


2zn(0) 


(n  +|) 


w  c 
o 

2  z 


(14-17) 


The  above  expressions  for  the  resonant  frequencies  raise  the  question  as 
to  whether  a  given  resonator  with  a  short  circuit  at  z^(x)  m  z^.(x)  has  only  a 
single  resonant  frequency  denoted  by  f  or  whether  there  are  also  other  reuonant 
frequencies.  For  a  mode  to  be  in  resonance  the  position  z^(x)  of  its  phase 
front  must  coincide  with  the  fixed  reflecting  surface  z'(x).  If  it  is  assumed 
that  the  reflecting  surface  z'(x)  has  been  calculated  to  be  equal  to  the  phase 
front  of  the  n  *  0  mode,  then  all  n  modes  will  be  resonant  in  the  resonator  only 
if 


z"(x)  -  z"(x) 
n  o 


Substituting  in  Eq.  14-17  gives 

Tf 


2  2 


2  2 

k  .  (n  +  i)-«a.k  !°sL  k  -i^«  +  k  Iss-£ 

"  2  zo  »  2z2  °  2  o  2z2 


(14-18) 


Let  — ~  be  denoted  by  p  .  The  above  equation  is  true  for  all  x  only  if  two 
o 


conditions  hold. 


and 


kn  •  <n  +  7>  '’n  -  ko  -  1 


.  2  .  2 
k  p  -  k  p 
nrn  o  ro 


Substituting  Eq.  14-20  in  Eq.  14-19 

k  -  (n  +  ■=)  p  A  /k  -  k  -  4  p 
n  2  ro  o  n  o  2  ro 


(14-19) 


(14-20) 


(14-21) 


Letting  k  -  k  +  Ak  , 
°  n  o  n’ 
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(14-22) 


6k  -  (n 


,  / 

+  P-  '  7. 


2'  po  k  +  k_  “  "  2  po 


But  for  Akn  small,  which  is  true  for  small  n,  results  in 
/  k  f k  -  k  /  Ak'  Ak 

\  — 2 — — a.  1/  x _ a ~  i  _E1 

Wk+k  \/  k  \/  1  k  1  2k 

won*  o  V  o  o 


So  Eq.  14-22  becomes 


Thus 


i  Ak  i 

Akn  -  (n  +  2>  d  "  IT5  Po  "  "  I  Po 

o 


Akn  -  (n  +  \)  pQ  +  (n  +  |)  ^  PQ  -  - 


2  Po 


1  Ak 

Ak  +  (n  +  -r)  p  *  np 
n  2  2k  ro  ro 

o 


Finally,  using  k  -  2irf/c, 


Af 


nP, 


n  1  p  2^ 

1  +  (n  +  7>  2*7 


(14-23) 


where  Af  »  f  -  i' 
n  n  o 

Thus  the  resonant  frequency  f^  for  any  mode  u  is  known  in  terms  of  fQ.  All 

modes  can  resonate  in  the  resonator  with  the  fixed  short  circuits.  Each  mode 

however  resonates  at  a  different  frequency  fR. 

A  simplified  expression  for  Af^  may  be  found  for  small  n.  Recall  that  zq 

is  at  least  50A  and  wq  is  less  than  10.  Then  for  k^  corresponding  to  some 

microwave  frequency  and  for  n»10  or  less 

P. 

(n+1/2)  2k2  «  1 
o 

Hence 


Af 

n 


cnw  /z 
o  o 

2tt 
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or  if  the  quantity  Af  is  set  equal  to  f^+j-f  ,  thus 


o 


which  is  compatible  with  Eq.  14-17.  Hence  Eq.  14-17  is  valid  for  f  for  n  ■  0 

to  at  least  10  in  a  resonator  built  with  a  short  circuit  position  at  z^(x)  ■ 

z'  (x) . 
o 

There  is  another  way  of  showing  that  Eq.  14-17  is  valid  for  small  values 

of  n.  From  Eq.  14-20  it  is  obvious  that  w  varies  with  f  as, 

on  n  * 

w  -  D//T  (14-25) 

on  n 

where  D  is  a  constant 

Thus  for  a  small  frequency  range,  for  example  from  9.0  to  9.5  GHz,  which  corres¬ 
ponds  to  small  values  of  n,  wQn  will ibe  approximately  the  constant  wq.  Then 
Eq.  14-19  gives  once  again  that&f  ■  cwq/(2itzo).  In  conclusion,  Eq.  14-17  cor¬ 
rectly  gives  the  resonant  frequencies  of  the  rectangular  beam  waveguide  reson¬ 
ator. 


D.  Resonator  Field  Configurations 

Since  it  has  been  assumed  that  field  variations  in  the  y  direction  do  not 

exist  the  only  field  variations  that  do  exist  are  those  in  the  x  direction  and 

those  in  the  z  direction.  The  z  variation  of  the  fields  in  the  resonator  is 

quite  simple  since  it  is  known  that  the  field  near  the  plane  z  -  0  of  Fig.  14-1 

is  approximately  a  plane  wave  of  E  and  H  travelling  in  the  z  direction,  and 

/  x 

that  the  phase  shift  the  wave  unde)  goes  in  travelling  to  the  short  circuit  at 

z‘(x)  is  tt  radians.  Thus  the  E^  and  Hx  field  variations  with  z  are  sin  (ttz/z') 

and  cos  (xz/z')  respectively. 

The  x  variation  of  the  fields  is  given  by  the  equation  for  the  beam  modes 
of  rectangular  symmetry  as  , 


179. 


g(uox)  -  Hen 


A  + 


„  2  z.  2 
(2uo  k> 


2  2 
u  x 
o 


1  +  (2uo  t>2 


~  4  z  2 
2u  —  x 

_  4  - °JS - 

e  ,  .  2  z.2 

1  +  (2uo  k> 


(14- 26) 


where  the  He^  are  Hermits  polynomials  of  degree  n. 

It  is  important  to  note  that  there  are  at  least  two  different  types  of  Hermite 

polynomials  in  widespread  use.  The  Hermite  polynomials  used  for  the  rectungu- 

44 

lar  beam  waveguide  for  orders  up  to  n-7  are, 


HeQ(x)  =  1,  He^(x)  x,  HejCx)  ■  x2  -  1 
He^(x)  -  nC’  -  3x,  He^(x)  ■  x^  -  6x2  +  3 
He^(x)  ■  x^  -  10x3  +  15x 
He^(x)  -  x^  -  15x^  +  45x2  -  15 
He?(x)  -  x7  -  21x5  +  105x3  -  105x 


Since  uQ/k  is  usually  much  grater  than  z',  Eq.  14-26  may  be  written  as, 

2 

|g(uox)|  *  Han[2(uox)]e“(uox)  -  g^x) 


(14-27) 


The  function  g^u^x)  influences  the  coupling  to  each  resonant  mode  and 
also  determines  the  performance  of  the  resonator  as  an  antenna.  Thus  a  plot 
of  gn(uox)  for  various  modes  is  of  interest.  An  IBM  1620  computer  was  used  to 
calculate  gn(uQx)  for  values  of  n  ■  0  to  n  >  7.  The  functions  are  plotted  ver¬ 
sus  uqx  for  x>  0  in  Figs.  14-3  through  14-10.  The  Hermite  polynomials  Hen(2uQx) 
are  odd  functions  for  n  odd  and  even  for  n  even,  therefore 
g(-uQx)  ■  g(uQx)  for  n  even 
and  g(-uQx)  ■  -  g(uQx)  for  n  odd. 

The  graphs  are  not  normalized  since  the  various  possible  normalizations  that 


could  be  made  are  all  equally  logical. 


44.  F.  Schwering,  "Reiterative  Wave  Beams  of  Rectangular  Symmetry",  Archiv 

der  Elektrischen  Uebertragnng.  vol.  15,  1961,  pp.  557  and  564.  W.  Magnus 
and  F.  Oberhettinger,  Functions  of  Mathematical  Physics,  Chelsea  Publish¬ 
ing  Co.,  Toronto,  1949,  pp.  80-82. 
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FIG.  14-3  FIELD  DISTRIBUTION  IN  X-DIRECTION  FOR  n  -  0  MODE 
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Fin.  14-6  FIELD  DISTRIBUTION  IN  X-DIRECTION  FOR  n  -  3  MODE 
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FIG.  14-8  FIELD  DISTRIBUTION  IN  X-DIRECTION  FOR  n  -  5  MODE 
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FIG.  14-9  FIELD  DISTRIBUTION  IN  X-DIRECTION  FOR  n  -  6  MODE 
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FIG.  14-10  FIELD  DISTRIBUTION  IN  X-DIRECTION  FOR  n  =  7  MODE 


E.  Theoretical  Expression  for  Unloaded  0 


The  unloaded  Q  of  a  resonator  Is  given  by  the  veil  known  expression 

Qqo  -  “r  r  (u~28) 

c 

where  -  resonant  angular  frequency 

Wg  **  energy  stored  in  resonator  at  resonance 
-  power  dissipated  in  resoitator  at  resonance. 

In  an  open  resonator  and  particularly  in  a  beam  waveguide  resonator  three 
types  of  power  dissipation  may  take  place.  They  are  diffraction  loss,  ra¬ 
diation  loss  due  to  the  coupling  structure  and  conduction  loss  in  the  resona¬ 
tor  end  plates.  In  the  type  of  beam  waveguide  resonator  being  considered  in 
the  present  study  no  radiation  loss  can  take  place.  This  will  be  true  even  if 
the  resonator  shown  in  Fig.  14-2  is  of  finite  length  in  the  +  x-dlrection.  The 
length  in  a  properly  designed  resonator  is  such  that  the  openings  at  the  ends 
are  cutoff  to  waves  in  the  +  x-direction.  Some  diffraction  could  take  place; 
however  the  design  is  such  that  this  loss  is  negligibly  small.  Thus  the  princi¬ 
pal  loss  that  must  be  accounted  for  is  the  copper  loss  in  the  four  sides  of  the 

45 

resonator.  Equation  14-28  then  can  be  written 


Q 


oo 


yj  H2  dV 


v 


(14-29) 


s 

where  V  ”  volume  of  resonator 

UQ  ■  permeability  of  air  filling  resonator 
Htan  ”  tangential  component  of  H  at  surface  S 

S  =  surface  of  ail  the  metal  walls  that  make  up  the  resonator 


R 


surface  resistivity  of  mete?  walls  where  o  is  the 
conductivity 


45.  H.A.  Atwater,  Introduction  to  Microwave  Theory,  McGraw-Hill  Book  Co., 
New  York,  New  York,  1$62,  p.  145. 
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(14-30) 


Now  since  the  resonator  fields  do  not  vary  in  the  y-direction 
JH2  dV  **  h/H2  dx  dz 

If  it  is  assumed  that  the  walls  in  the  planes  y  *>  constant  have  a  surface 

with  resistance  and  area  and  thac  the  other  walls  have  a  surface  with 

resistance  and  area  then 

fRH2  dS  -  R.  /  H2  dS.  +  R^hf  H2  dx 
•  tan  1  1  tan  1  2  J  tan 

8  s^  a 

The  energy  stored  and  power  lost  calculated  on  the  assumption  of  the  existence 
in  the  resonator  of  plane  waves  very  closely  approximates  the  actual  conditions 


in  the  rectangular  beam  waveguide  resonator.  Thus  the  H  is 

H  -  Hx  -  Hq  cos  2  g(x)  (14-32) 

where  HQg(x)  is  the  H  field  distribution  along  the  plane  z  *  0 
When  this  value  for  H  is  substituted  in  Eqs.  14-29,  30  and  31  the  value  for 


If  *  R2  ■  R  then  Qu  becomes 

.VoJlT 

^00  R(XQ+4h) 


(14-35) 


Note  that  Qqo  is  Independent  of  the  mode  number  since  g(x)  does  not  appear  in 
the  equation. 
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F.  Probe  Coupling  to  Various  Modes 
The  theory  of  a  probe-coupled  microwave  resonator  has  been  developed. 

The  equivalent  lumped-parameter  circuit  Is  shown  In  Fig.  14-11  and  the  values 


of  R,  L,  and  C  near  the  resonant  frequency  f^  of  the  nth  mode  are  given  by 

Q  a  2  a  2  t  2 

R  °°  (Si)  •  l  m  (SL.)  .  r  m  (-I-) 
n  w  C  I '  ’  n  (lw  '  ’  n  Ca  } 

O  O  Vi 


where  a  ■  f  e  •  J 
n  '  n 


dV 


(14-36) 

(14-37) 


th 


e  -  normalized  elc-  trie  field  of  n  resonator  mode 
n 

J  >  assumed  current  distribution  on  probe 
I  »  input  current  to  probe 
V  «  volume  of  resonator 

Now  must  satisfy  the  orthogonality  relationship, 

t  /0  for  n?*m 
lee  ‘e^dV-O  “I.- 
*  n  m  nm  1  for  n-m 

It  was  shown  in  section  D  of  this  report  that  for  the  rectangular  beam 


(14-38) 


waveguide  resonator  the  electric  field  is  of  the  form, 


2  2 


e  -  u  N  He  (2u  x)  e_U°X  sin  , 
n  y  n  n  o  X 


where  is  the  normalizing  constant. 


2irz 


(14-2)) 


Now  en  given  by  Eq.  14-39  must  satisfy  Eq.  14-38.  To  do  this  the  integral  of 


Eq.  14-38  must  be  evaluated 
z’(x) 


h 

2 


2  2  2  2 
00  -u  X  -u  X 

f  .  /  N  He  (2u  x)e  0  N  He  (2u  x)e  • 

'h'^n  n  o  m  m'o' 

z-o  y»-  —  x— 00 

sin^  r~  dx  dy  dz 
o 


46.  R.F.  Harrington,  Time-Harmonic  Electromagnetic  Fields.  McGraW”Hill  Book 
Company,  New  York,  New  York,  1961,  pp.  431-436. 
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EQUIVALENT  CIRCUIT  Ot  CAVITY  EXCITED  BY  A 
LOSSLESS  PROBE 


When  the  approximation  is  made  that  z 


ranges  from  zero  to-*'(x)  —X  <1  then 

o 


Now 


2  2 

N„Vh  r  He,  (2u0«)  Ite,  (2uo,)  ,  °  *  d»  )*'*  ,1„2  2i 

z*o  A  O 
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(14-40) 


r  Hen(v)  He  (v)  e  2  dv  -  n!  /IT  6 
"*»  '  nm 


Therefore 


-2u  2x2 


tm  X  .  I— 1 

/  H.n(2u0»)  H.m(2uo,>  .  »  dr  -  2i  l/i  « 

u  |  x  nm 


(14-41) 


Thus  Eqs.  14-38  through  14-40  are  valid  for  n*n.  Equation  14-40  may  be  solved 


for  N  when  n-m  thus 
n 


M  2  ,  o  rm  2  fcMA  * 

Nn  ch  T  Jm  Hen  (2uox)  e  dx  -  1 

N"  ’  ~T  I  . . 1  Jj  2  » 

Y  ch  T  /•  Hen2(2ux)  e"2uo  x 


-2u  2*2 
o 


or 


(14-42) 


Now  thet  en  has  been  shown  to  satisfy  the  orthogonality  relationship  there 
remains  the  choice  of  a  current  distribution  along  the  probe.  A  reasonable 

assumption  appears  to  be  that  a  standing  wave  of  current  of  sinusoidal  form 
exists  along  the  probe. 


f  *  vy 

—  __  /  *n  sin  1 

J  ■  J  u  *  < 

7  7 


sin  k  (y-  x  +  d)  \ 

I-  1  ~  ^(x)  6(z  +  -^)  for  y>~-d 


kd 

d 


(14-43) 


47.  Second  reference  in  footnote  44,  p.  82. 
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where  d  is  the  probe  depth,  that  la  the  extension  of  the  probe  from  the  wall 
et  y  •+  ^  to  the  length  y«  +  ^-d.  It  is  elso  important  to  note  that  the 
probe  is  assumed  to  have  a  delta  function  dependence  in  the  x  and  z  directions 
in  Eq.  14-43.  This  assumption  makes  the  required  integration  much  simpler  but 

will  affect  the  accuracy  of  the  solution,  since  the  probe  does  have  a  finite 
radius.  Substituting  Eqs.  14-39  aid  14-43  into  Eq.  14-37  gives. 


i  2  2 

A  .  -u  x  , 

— r  v  He  (2u  x)  e  °  sin  7^  z  I 

j  *  j*°  no  Aq  i 

z-o  y  -7T  -  d  x— ■  \l  A  ,  -2u  Zx 

U  eh  f  f  H.n2(2uox)  .  • 


sin  ~  z  In  sin  k(y-y  +  d) 


dx  sin  kd 


■6(x)  6(z+-^)  dx  dy  dz 


(14-44) 


S  I,  * 

J-  -  r  •  ■"  1  "  v  y  v  J  l~  *  6  -r) 

«  V  Xo  2  -2uo  x  °  ° 

||eh  ~j~  j~  He^  (2u  x)  e  dx 


T  Hen  « 


2  sin  k(y-y  +  d) 
^  sin  kd 


h_d 
2  d 


(14-45) 


/  2  (sin  j—  z)  *4(z-  -^)  dz  ■ 


sin  j  -  1 
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and 


2  sin  k  (y  -  |  +  d) 

b  sin  .1  dy  "  ‘ 

2  -d 


.kd  sin  u  du 
sin  kd  k 


(1— cos  kd) 
■  -  k  sin  kd 


1  _  kd 

■  •  e  *“  r 


Therefore 


(14-46) 


-He  (0)  tan  ~ 
_  n  z 

/  x  "  j  — 

k Vch  f  He  (2u  x)  e  °  dx 
V  4  m  n  o 


(14-47) 


Substituting  this  result  into  Eq.  14-36  for  Rn  yields 


R  -  — 
n  u 


f  „  2...  2  ltd 

He  (0)  tan  -z- 
n  z 

__ 

2  X  -  2  ~2u„X 

k  eh  7—  /  He  (2u  x)  e  dx 

*»  _  n  o 


(14-48) 


Using  Eq.  14-41  gives 


Q  He2(0)  tan2 (kd/2) 
g  .  °°  n 

n  Wn  k2eh(X  /4)  —  /w/2 
o  u 

o 


(14-49) 


At  a  resonant  frequency  f  the  net  reactance  of  the  L~C  combination  in 
the  equivalent  circuit  is  zero.  Thus  the  equivalent  circuit  of  the  rectangular 
beam  waveguide  resonator  at  resonance  is  simply  the  resistor  of  value  given 
by  Eq.  14-49.  For  a  transmission  line  of  characteristic  impedance  Zq  feed¬ 
ing  the  probe,  the  reflection  coefficient  at  f^  is  thus 


o  "  (R  -zn)/(R  +ZJ 

o  n  o  n  o 


(14-50) 


Critical  coupling,  for  which  pq  ■  0,  will  then  occur  at  a  different 


probe  depth  for  each  mode.  Critical  coupling  to  the  nth  mode  means  that 
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u  2/nv  _  2  kd 

He  (0)  tan 
n  L 


k2eh  X  /"Hen2(2uox)  * 
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or 
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_  2  kd 
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The  terms  on  the  left  hand  side  of  Eq.  14-52  are  approximately  constant  at  least 
for  the  first  8  modes.  Equation  14-52  reveals  that  as  the  probe  depth  d  Is  In¬ 
creased  from  zero  the  first  mode  to  become  critically  coupled  Is  the  one  which 
yields  the  largest  value  of 


He  2(0) 
n 


-2u  2x2 

r  He  v2u  x)  «  °  dx 

lm  “  ° 


energy  density  at  probe 


Integral  of  energy  density  (x-dlrectlon) 


ZfT 


■  normalized  energy  density  at  probe 


(14-53) 


The  next  mode  that  would  change  from  undercoupling  to  critical  coupling  would 
be  the  node  with  the  second  largest  value  of  normalized  en*?.g;»  density  at  the 
probe.  Thus,  It  nay  be  concluded  that  as  the  probe  penetrates  into  the  resona¬ 
tor  the  nodes  become  critically  coupled  in  sequence  n*n',  n",  n"',  ..., 

where  u  ,  >  u  , ,  >  u  This  observation  bears  out  what  would  be 

pn  pn"  pn"' 

expected  from  physical  considerations  namely,  that  the  mode  which  has  its 
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Energy  concentrated  in  the  vicinity  of  the  probe  would  become  critically 
coupled  at  a  smaller  probe  depth  than  a  mode  which  has  its  energy  concen¬ 
tration  more  remote  from  the  probe. 

In  general  the  equivalent  circuit  of  Fig.  14-11  has  a  probe  reactance 
jX  Inserted  as  shown.  Thus  near  each  resonant  frequency  the  equivalent  cir¬ 
cuit  consists  of  in  series  with  jX.  The  result  is  a  detuning  effect  due 
to  the  reactance  and  a  slight  altering  of  the  resonant  frequency.  At  reson¬ 
ance  however,  the  input  Impedance  at  the  probe  is  just  Rn> 

XV.  MEASUREMENTS  MADE  ON  A  BEAM 
WAVEGUIDE  RESONATOR 


A.  Design 

The  theory  developed  for  the  beam  waveguide  resonator  was  to  be  veri¬ 
fied.  To  do  this  a  rectangular  beam  waveguide  resonator  was  designed  and 
fabricated  which  had  a  resonant  frequency  for  the  n-o  mode  near  9.0  GHz. 

The  most  important  parameter  in  the  design  of  the  resonator  is  the 
ratio  (wq/z0) •  This  ratio  determines  both  the  frequency  spacing  between 
modes  and  the  spread  (standard  deviation)  of  the  Gaussian  field  amplitude 

distribution  in  the  x-dlrection  for  the  n*o  mode.  The  value  for  z  was  chosen 

o 

equal  to  100X  which  at  a  frequency  of  9.0  GHz  results  in  zq  ■  3.33  meters.  A 

value  for  w  *  5  was  chosen  since  this  resulted  in  a  reasonable  value  for  Af 
o 

of  72  MHz  as  determined  from  Eq.  14-22.  The  amplitude  of  the  field  as  a  function 
of  x  for  the  n^o  mode  is 


g0<x) 


€ 


2 

x 


(15-1) 
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Thus  the  amplitude  will  be  only  1/e  of  its  maximum  value  at  a  distance 
x(l/c)  -0.084  meters  from  the  center  of  reso  wtor  shovn  in  Fig.  14-2.  At  a 
distance  of  x*15  inches  or  0.381  meters 

f(x)  -  e-(0. 381)2/ (0.084) 2  _  e-20.6  _  1C-11 

The  larger  the  value  chosen  for  the  ratio  (wq/zq)  the  larger  Af  will 

be  and  the  smaller  x(l/c)  will  be.  The  value  of  (w  /z  )  cannot  be  made  too 

c  o 

large  without  violating  one  of  the  conditions  assumed  in  the  solution  for  the 

beam  modes.  The  beam  modes  for  the  confocal  case  for  which  w  ■  1  were  de- 

o 

rived  on  the  condition  that  z  be  of  the  order  of  50/A  so  that  (w  /z  )  has  a 

o  o  o 

maximum  value  of  about  (1/50A).  Since  w  m5  and  z  -100A,  which  are  the  values 

o  o 

chosen  for  the  present  design,  result  in  a  value  for  (wq/zo)  of  (1/20A)  the 
question  of  the  validity  of  the  mode  solution  arises.  It  will  be  assumed 
for  the  present  that  the  value  of  (1/20A)  is  a  reasonable  upper  bound  for 
(wq/zq) .  Thus  the  corresponding  value  of  Af  -  72  MHz  for  f  -  9 .0  GHz  will 
also  be  considered  an  upper  bound. 

The  equation  for  the  curved  surface  z'(x)  of  the  resonator  must  be  known 
so  that  this  surface  can  be  machined.  The  curve  for  the  n*o  mode  can  be  cal¬ 
culated  by  substituting  (wo/zq)  “  (1/20A)  and  f  -  9.0  GHz  into  Eq.  14-12  , 

z'(x) - — 6  t  -7  (15-2) 

1+7.42x10  x 

where  z'(x)  and  x  are  in  inches  for  convenience  of  the  machinist 
Several  factors  must  be  taken  into  consideration  when  deciding  on  the  dis¬ 
tance  the  resonator  is  to  exfeid  in  the  x-direction.  A  previous  calculation 
showed  that  at  x«*15  inches  the  amplitude  of  the  field  was  only  10  ^  of  the 
amplitude  at  the  center  of  the  resonator.  Thus  if  the  resonator  was  made  15 
inches  on  each  side  of  center  the  total  length  of  30  inches  would  still  be  a 
convenient  size  for  machining.  Finally,  the  value  z^(x“L/2  *>15")  is  0.565". 
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The  corresponding  cutoff  frequency  f  -  c/(2z^  (L/2)  )  «  10,50  GHz,  which  is 
sufficiently  high  to  prevent  any  waves  of  interest  from  escaping  out  the  ends, 
hence  L  was  chosen  to  be  30". 

The  value  chosen  f„L  the  resonator  height  h  was  3/8".  This  dimension  is 
considerably  smaller  than  X/2  anywhere  in  the  X  band  range  and  thus  parallel- 
plate  resonances  should  be  impossible.  The  height  is  still  large  enough  to 
give  the  resonator  reasonable  volume. 

B.  Fabrication 

The  resonator  was  made  out  of  a  1  1/8"  x  3"  x  30"  piece  of  brass  stock 
and  a  1  1/2"  x  1/4"  x  30"  brass  strip.  The  large  piece  of  brass  had  a  trough 
milled  into  it  thus  forming  the  three  surfaces  z'(x),  y  *  +  3/16"  and  y  ■  -  3/1'S". 
The  trough  was  milled  using  a  3/8"  x  1"  diameter  side  cutter.  The  depth  of  cut 
was  determined  from  values  calculated  with  the  aid  of  Eq.  15-2,  The  curve 
z'(x)  is  so  gradual  that  z'(x)  was  approximated  by  cutting  steps  spaced  one  inch 
apart.  The  steps  were  rounded  off  because  of  the  size  of  the  milling  cutter 
and  a  very  smooth  curve  resulted  all  the  way  from  z'(0")  where  the  depth  of  cut 
was  0.66  inches  to  z'(15")  were  the  depth  of  cut  was  0.565  inches.  The  brass 
strip  which  formed  the  fourth  wall  of  the  resonator  at  the  plane  z*o  was  attached 
with  screws  spaced  every  3/4"  in  the  x-direction  and  in  two  rows  y  *  +  3/8". 

The  resonator  was  made  with  care  since  dimensions  were  to  be  held  to  within 
one  or  two  thousands  of  an  inch.  The  resonator  was  also  designed  to  be  rigid 
enough  to  resist  warping  and  is  the  reason  that,  although  the  maximum  depth  of 
the  trough  is  only  0.66  inches,  the  dimension  of  the  brass  block  along  the  z- 
axis  was  3  inches.  The  photograph  of  the  completed  resonator  is  shown  in 
Fig.  15-1. 

The  coupling  arrang?ment  to  the  x-band  waveguide  is  also  shown  in  Fig. 

15-1.  The  coaxial  to  waveguide  junction  has  its  type  N  plug  converted  tc  a 
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FIG.  15-1.  EXPERIMENTAL  RECTANGULAR  BEAM  WAVEGUIDE  RESONATOR 


type  BNC  jack  by  means  of  a  N  to  BNC  adapter.  The  BNC  jack  connects  to  a 
small  rigid  coaxlable  cable  which  was  Inserted  through  a  thread  sleeve  or 
bolt.  The  center  conductor  of  this  coaxial  cable  extends  about  1/8  inch  be¬ 
yond  the  end  of  the  threaded  sleeve  and  acts  as  a  small  antenna  or  coupling 
probe  when  projected  Into  the  resonator.  The  vertical  direction  In  Fig.  15-1 
corresponds  to  the  y-direction  In  Fig.  14-2.  Since  the  E  field  Is  In  the  y- 
direction,  and  for  the  n*o  mode  has  its  maximum  ampliutde  at  x“0,  z  ■  —  ^  , 

a  tapped  hole  to  receive  the  coupling  probe  was  Inserted  in  the  resonator  at 
this  point.  The  probe  coupling  can  be  adjusted  by  turning  the  threaded  sleeve 
in  or  out  as  desired.  Since  the  end  of  the  threaded  sleeve  Is  flush  with  the 
upper  Inner  wall  of  the  resonator  at  only  one  setting  of  the  probe  depth,  a 
small  perturbation  will  be  Introduced  for  all  other  probe  depth  settings. 
However,  since  the  sleeve  Is  only  3/16  inches  In  diameter  the  distortion  of 
the  fields  Is  expected  to  be  small. 

C.  Measurement  Techniques 

Measurements  of  the  parameters  of  the  rectangular  beam  waveguide  reson¬ 
ator  were  made  using  ref lectometer  apparatus.  Figure  15-2  Is  a  block  dia¬ 
gram  of  the  apparatus.  The  apparatus  displays  two  patterns  on  the  oscillo¬ 
scope.  One  pattern  is  the  reflected  power  along  the  vertical  scope  axis  ver¬ 
sus  frequency  f  along  the  horizontal  axis.  The  other  pattern  Is  Incident 
power  versus  frequency. 

The  system  was  calibrated  as  follows.  With  the  waveguide  switch  closed 
and  the  Incident  power  variable  attenuator  set  at  zero  db  the  reflected  power 
variable  attenuator  was  adjusted  to  make  the  outputs  of  both  of  the  coupler 
crystal  detectors  equal  when  monitored  by  the  oscilloscope.  Since  the  crys¬ 


tals  used  were  a  mat  died  pair,  variations  in  the  power  output  of  die  oscillator 
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CRYSTAL  CRYSTAL 
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FIG.  15-2.  CIRCUIT  FOR  DETERMINING  RESONATOR  RESPONSE 


did  not  unbalance  the  crystal  output  readings.  When  the  waveguide  switch 
was  opened  the  incident  power  to  and  the  power  reflected  by  the  resonator 
were  displayed  on  the  scope.  The  displayed  incident  power  was  quite  con¬ 
stant  with  frequency,  varying  by  only  +  0.3  db  over  the  entire  X  band. 

The  constancy  was  due  to  the  action  of  the  levelling  feedback  and  to  the 
very  flat  frequency  response  of  the  precision  multi-hole  directional  cou¬ 
plers  . 

The  observed  variations  of  the  reflected  power,  denoted  by  P^,  with 

frequency  can  be  used  to  obtain  the  values  of  all  the  important  resonator 

parameters.  In  order  to  be  certain  that  the  response  or  Q  curve  obtained 

for  a  resonator  is  not  being  influenced  by  the  method  of  measurement  or 

some  other  external  factors,  a  comparison  of  the  measured  and  theoretical 

responses  of  the  resonator  is  usually  made.  The  theoretical  frequency  re- 

48 

sponse  of  a  one  port  closed  resonator  is  of  the  form 


J?L 

Qe**oo 


f-f  2 


1  +  4  <  <tE) 


where  P£  ■  power  absorbed  by  one-port  resonator 

Pq  ■  incident  power 

Ql  *  loaded  Q 

Qex  “  external  Q 

Q  -  unloaded  Q 
oo 

f  ■  resonator  frequency 
f  •»  any  frequency  near  resonance 


(15-3) 


48.  J.  Altman,  Microwave  Circuits,  D.  Van  Nostrand  Co.,  Inc.,  Princeton, 
N.J.,  1964,  p.  227. 
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This  equation  is  valid  for  a  high  Q  cavity  with  negligibly  snail  coupling 
losses. 

.<ow  if  at  f  -  f,,  Pc  -  PQ  then  no  power  is  reflected  by  the  resonator  at 
reaonance  and  the  resonator  is  said  to  be  critically  coupled.  Thus, 


and  hence 


(15-4) 


(15-5) 


It  will  be  convenient  to  rearrange  this  equation  in  order  to  arrive  at  a  straight 
line  relationship  between  frequency  and  resonator  response. 


How  P  •  P  +  P 
ore 

where  P  ■ 
r 

Therefore 


reflected  power 


and  Eq.  15-6  becomes 


(15-6) 


(15-7) 
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(15-8) 


I  c.c 


Since  f  and  Q  are  not  a  function  of  frequency  a  plot  of  |f-f  |  versus 
r  L  IT 


'  P 

-  1 
P 

r 

c.c. 


should  be  a  straight  line< 


The  re  flee  tome  ter  apparatus  shown  in  Fig.  15-2  was  used  to  measure  the 
P 

dependence  of  —  on  frequency.  The  frequency  over  which  the  oscillator 

r 

c.c. 

was  swept  was  a  small  range  around  the  n-o  resonance.  When  the  waveguide 
switch  was  opened  the  incident  power  to  and  the  reflected  power  by  the  resona¬ 
tor  was  displayed  on  the  scope.  Readings  of  P  /P  I  in  db  versus  f  were 

o  r  |  c .  c . 

taken.  The  data  was  taken  by  leaving  the  reflected  power  variable  attenuator 

set  at  its  initial  value  and  settiag  the  incident  power  variable  attenuator  at 

some  value,  say  x  db.  The  two  frequencies  at  which  the  reflected  response 

curve  crossed  the  straight  line  Incident  poer  curve  were  determined  by  moving 

the  wavemeter  pip  which  was  visible  on  the  scope,  to  the  two  intersection 

P  P 

points.  At  these  two  points,  —  I  »  xdb.  Additional  data  of  —  versus 

r  |c.c.  r  c.c. 

f  was  obtained  by  changing  the  setting  of  the  Incident  power  variable  attenuator 

and  noting  the  two  new  corresponding  frequencies. 

The  data  so  obtained  at  critical  coupling  is  then  used  to  plot 

P  ~H2 

—  -  1  versus  f.  If  a  straight  line  is  obtained  then  the  response  ob- 

r  c.c. 

m  m 

served  is  a  true  resonance. 
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Measurements  can  next  be  made  of  all  the  pertinent  quality  factors. 
The  pertinent  Q's  are:  Q  ,  Q  ,  and  Q.  .  The  definitions  of  these  are, 

OO  O  L 


Q  "  0)  —  ;  unloaded  and  uncoupled  Q 
oo  r  r  _ 
c 


(15-9) 


Ur  P — +~p —  »  unloaded  but  coupled  Q 
c  co 


(15-10) 


Ql  -  “>r  p  ■  TT . —  ;  loaded  Q 

c  co  ex 

where  Wg  »  energy  stored  in  resonator 

*  power  absorbed  by  one  port  resonator 
P  ~  power  lost  in  coupling  network 

CO 

P  ■  power  lost  in  external  circuit 
ex 

The  actual  values  of  the  Q's  were  determined  from  the  magnitudes  of 
three  measured  reflection  coefficients.  They  are 


(15-11) 


o  f-f 


(15-12) 


o  f  where  f  is  far  from  f 


(15-13) 


1*1  r 


o  | f  where  f  is  any  f  near  f 


(15-14) 


These  reflection  coefficient  magnitudes  are  the  square  roots  of  three  values 

of  the  power  ratio  pr/p0  which,  was  just  discussed. 

The  equivalent  circuit  shown  in  Fig.  15-3  may  be  used  to  arrive  at  the 

49 

expression  for  Q.  in  terms  of  p  ,  p.  and  p.  The  circuit  is  valid  for  a 

L  O  1 

probe  coupled  resonator  viewed  from  a  position  on  the  transmission  line  leading 
to  the  probe  which  is  called  the  detuned  open  position.  The  resistor  ac¬ 
counts  for  the  power  loss  in  the  coupling  and  R  accounts  for  the  power  absorbed 
by  the  resonator.  It  can  be  shown  that 


49.  M.  Sucher  and  J.  Fox,  Handbook  of  Microwave  Measurements.  3rd  Ed.,  Vol.  II, 
Polytechnic  Press  of  the  Polytechnic  Inst,  of  Brooklyn,  New  York,  N.Y.,  1963, 
pp.  425-427,  451-455,  484-485. 
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TRANSMISSION  LINE 


FIG.  15-3.  EQUIVALENT  CIRCUIT  AND  LOCI  OF  REFLECTION 
COEFFICIENT  FOR  PROBE-COUPLED  RESONATOR 


(15-15) 


ql  “  aT 


where 


| p |  is  measured. 

When  the  probe-coupled  resonator  is  overcoupled  then 


and 


Ql  '  2-|P0|-|Pl 


%o  1+lpll 

‘^IpJ 


When  the  resonator  ds  undercoupled  then 


(15-16) 


(15-17) 


(15-18) 


ql  “  2+|poHPl| 


and 


oo 


i+ipj 


(15-19) 


(15-20) 


The  overcoupled  condition  exists  where  pQ>0,  and  the  undercoupled  condition 

when  p  <0. 
o 

The  validity  of  Eqs.  15-18  and  15-20  can  be  shown  using  the  equivalent  cir¬ 
cuit  of  Fig.  15-3.  The  reflection  coefficient  for  a  wave  incident  on  the  re¬ 
sonator  at  terminals  a-b  is 

Z-Z 

„  _  _ o 

P  Z+Z 

o 

Since  terminals  a-b  are  at  a  detuned  open  position  ahead  of  the  probe,  must 

be  greater  than  Z^  so  that 

R1  -Z 

lpil  -hr 

1  o 

At  resonance  Z  is  equal  to 

R-R 

r»  _  -1 


Rj+R 
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and  hence 


RjR 

ILj+R  ~  Zo 

rTr 

— = +  7 

Rx+R  o 


RjR-z  (Rj+r) 
RiR+Z(R1+R) 


As  indicated  in  Fig.  15-3,  for  the  under  coupled  resonator  Pq>0,  |pQ|  *  since 
R^  in  parallel  with  R  is  larger  than  Zq.  Physically  this  means  that  the  probe 
extends  into  the  reso^atr  r  only  a  small  distance  and  hence  is  only  lightly  cou¬ 
pled  to  the  resonance  mode,  and  therefore  the  impedance  seen  at  the  terminals 
a-b  is  larger  than  Zq.  On  the  other  hand  if  the  resonator  is  over-coupled  then 
PQ<0  so  that  j  pQ |  ■  -  pQ.  Thus  both  Eq.  15-18  and  Eq.  15-20  can  be  rearranged 
and  written  as 


1  + 


VZQ 

Rl+Z0 


R1R-ZQ(R1+R) 


1  +, 


RjR+ZqCRj+R) 


(15*21) 


Now  Qqo  and  can  be  expressed  in  cerms  of  the  elements  of  the  equivalent  cir¬ 
cuit.  fhus  Q  *  ui^L/RgQ  where  is  the  total  equivalent  resistance  seen  from 

the  L-C  terminals  and  hence 

to)  L 

~  r 


and 


R  + 


R1Z0 

R1+Z0 


to)  L 
r 


oo 


Therefore 


R  + 


oo 


R1Z0 

Rl+Z0 


R1R+Z0R+R1Z0 

Rj^R+ZqR 


(15-22) 


Substituting  Eq.  15-22  into  Eq.  15-21  the  following  relation  is  obtained. 
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R1R+Z0R+R1Z0 

RjR+Z'.R 


1  + 


Rrzo 

V20 


R1R-ZQ(R1+R) 


1  + 


R1R+Zq(R1+R) 


(15-23) 


It  Is  easy  to  show  that  the  left  hand  side  of  Eq.  15-23  is  Indeed  equal  to  the 
right  hand  side  and  hence  the  validity  of  Eqs.  15-18  and  15-20  has  beer,  shown. 

However,  before  Eqs.  15-18  and  15-20  or  Eqs.  15-17  and  15-19  can  be  used  to 
determine  and  Qq,  the  coupling  condition  of  the  resonator,  that  is  whether  over¬ 
coupled  or  undercoupled,  must  be  known.  The  coupling  condition  for  each  resonant 
mode  can  be  determined  experimentally  by  making  one  simple  measurement.  There  ar'i 
at  least  three  different  measurement  techniques  that  can  be  used  to  determine 
the  coupling  condition.  The  one  used  here  consists  of  substituting  a  slide 
screw  tuner  for  the  waveguide  switch  shown  in  Fig.  15-2.  The  tuner  adds  a  shunt 
susceptance  across  terminals  a-b  of  Fig.  15-3  and  produces  a  reflection  at  this 
point.  This  reflection  coefficient  may  be  denoted  by  p  .  To  make  the  measure- 
ment,  the  tuning  screw  is  extended  far  enough  Into  the  waveguide  to  alter  the 
reflected  power  pattern  on  the  oscilloscope.  The  reflected  power  and  hence  its 
truce  on  the  scope  *s  dependent  on  the  vector  sum  of  the  reflection  coefficient 

p  and  the  reflection  coefficient  of  the  resonator.  The  two  reflection  coeffi- 
s 

dents  are  shown  in  Fig.  15-3. 

Now  If  the  minimum  power  point  on  the  oscilloscope  pattern  describes  a 

circle  in  the  clockwise  direction  when  the  tuning  screw  of  the  slide  screw 

tuner  is  moved  along  the  waveguide  and  away  from  the  resonator,  then  the 

50 

resonator  is  overcoupled.  If  on  the  other  hand  the  minimum  power  point  des¬ 
cribes  a  circle  in  the  counter-clockwise  direction  the  resonator  is  undercoupled. 
When  the  resonator  is  critically  coupled  the  minimum  power  point  on  the  scope 


50.  Sucher  and  Fox,  pp.  450-451. 
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nas  no  circular  motion  when  the  slide  screw  tuner  is  moved.  With  the  coupling 

condition  known  the  values  Q  and  Q  can  be  calculated  from  the  measured  re- 

oo  ^o 

flection  coefficients. 

D.  Comparison  of  Experimental  and  Theoretical  Results 
The  reflectometer  apparatus  shown  in  Fig.  15-2  was  used  to  display  the  power 
reflected  by  the  resonator  versus  frequency  in  the  X  band  range.  Sharp  resonant 
dips  were  observed.  The  frequencies  of  the  observed  resonant  minlmums  are  listed 
Ln  Table  15-1.  The  first  eight  resonant  frequencies  which  appeared  as  the  fre¬ 
quency  was  swept  from  8.0  GHz  upwards  are  listed.  Not  all  modes  were  observable 
for  certain  probe  depths.  When  the  threaded  sleeve  was  turned  in  to  get  tighter 
coupling,  the  perturbation  caused  by  the  sleeve  projecting  into  the  resonator  re¬ 
sulted  in  resonant  frequency  shifts  of  the  order  of  5  or  10  MHz  maximum.  The 
resonant  frequencies  listed  in  Table  15-1  were  all  observed  with  the  coupling  probe 
in  one  fixed  position  except  for  the  frequency  of  the  n*o  mode  for  which  the  probe 
depth  had  to  be  reduced. 


Mode  Number 

n 

Measured  Resonant 
Frequency 

GHz 

Calculated  Resonant 
Frequency 

GHz 

0 

8.975 

8.975 

1 

9.055 

9.047 

2 

9.115 

9.119 

3 

9.196 

9.191 

4 

9.259 

9.263 

5 

9.337 

9.335 

6 

9.407 

9.407 

7 

9.483 

9.479 

TABLE  15-1 


Resonant  Frequencies  of  Rectangular 
Beam  Waveguide  Resonator 

The  measured  resonant  frequency  of  the  n*o  mode  was  not  as  close  to  the  de¬ 
sign  value  of  9.0  GHz  as  hoped  for.  The  reason  for  the  discrepancy  is  that  the 
value  of  z'(0),  calculated  from  Eq.  14-12  or  Eq.  15-2  was  done  with  a  slide  rule. 
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When  the  value  z'(0)  -  0.660  Inches  and  n*o  are  used  In  Eq.  14-17  an  accurate 
calculation  yields  a  resonant  frequency  of  8.983  GHz.  However  the  tolerance  on 
aachlnlng  the  resonator  was  ±  0.002  Inches.  If  a  maximum  value  of  z'(0)"0.662 
Is  used  In  Eq.  14-17  the  resonant  frequency  could  be  shifted  as  much  as  10  MHz. 
Thus  the  theoretical  or  calculated  value  of  the  resonant  frequency  for  the  n»o 
mode  listed  In  Table  15-1  could  very  well  be  8.975  GHz.  Using  the  8.975  GHz  as 
a  starting  point  and  adding  72  GHz  successively,  the  seven  resulting  calculated 
resonant  frequencies  were  obtained. 

The  theoretical  or  calculated  resonant  frequencies  listed  In  Table  15-1  de¬ 
pend  on  the  value  assigned  to  the  ratio  (w  / z  )  at  the  desired  resonant  fre- 

o  o 

quency  for  the  n**o  mode.  In  the  present  case  w^-5  at  f**9.0  GHz  was  used  and  re¬ 
sulted  In  %  frequency  spacing  between  modes  of  Af  -  72  MHz.  Now  wq  does  vary  with 
frequency  and  by  using  w^-5  and  f-9.0  GHz  In  Eq.  14-23  the  value  of  D  obtained 

Is  15.0  and  when  used  with  f-9.5  GHz  the  new  value  of  w  -  15/ /9. 5  »  4.87.  The 

o 

change  In  wq  over  the  frequency  range  from  9.0  to  9.5  GHz  Is  a  negligible  2.6Z. 
Thus  the  modes  whose  resonant  frequencies  lie  In  this  range  should  be  spaced  by 
about  72  MHz.  The  eight  measured  value*  of  the  resonant  frequencies  listed  In 
Table  15-1  are  very  close  to  72  GHz  apart.  The  measured  and  calculated  resonant 
frequencies  compare  favorably. 

_l/2 

The  reflectometer  was  next  used  to  measure  l(PQ/Pr)|c  ^  -1J  at  frequencies 

near  the  n«o  mode.  The  measurements  are  plotted  in  Fig.  15-4.  Since  the  points 
lie  very  nearly  along  a  straight  line,  it  can  be  concluded  that  true  resonance 
was  taking  place.  The  resonator  was  evidently  not  being  disturbed  by  the  coupling 
■rheme  or  by  the  measuring  apparatus.  The  small  deviations  of  some  of  the 
measured  points  from  a  straight  line  are  probably  due  to  some  small  measurement 
errors. 

The  coupling  loss  and  quality  factors  of  modes  n*o  through  7  were  measured 
by  the  reflectometer  technique  discussed  previously.  The  results  are  shown  in 
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Table  15-11.  The  first  column  of  the  table  lists  |pj  ,  which  is  the  coupling 

loss .  The  probe  assembly  with  rigid  coax  was  used  when  the  measurements  listed 

in  this  table  were  made.  Using  the  probe  assembly  with  flexible  coax  created  an 

additional  coupling  loss  of  about  0.2  db.  For  example  the  n«*o  mode  value  of 

IPjJ  changed  from  -0.3  db  to  -0.5  db.  Note  also  that  the  coupling  loss  increases 

somewhat  at  greater  values  of  probe  depth  d,  evidently  due  to  currents  in  the 

2 

probe.  But  all  the  listed  values  of  |p^|  indicate  small  loss.  The  coupling 
loss  also  may  be  inferred  by  comparing  the  measured  values  of  Qq  and  Qqo«  In 
all  cases  Qq  is  only  slightly  less  than  Qoq»  indicating  again  that  the  probe 
coupling  loss  was  small.  The  values  of  Qqo  are  all  very  close  to  about  3300. 
Recall  that  the  theoretical  Qqo  is  given  by  Eq.  14-35.  The  values  which 

must  be  substituted  in  the  equation  for  the  case  of  the  resonator  are:  X^  *  3.33  x 

“2  6  _2 
10  m.,  0  ■  conductivity  of  brass  ■  16  x  10  mhos/m.,  h  ■  0.98  x  10  m.  Calcu¬ 
lations  then  give  Qoq  ■  3350.  Thus  the  predicted  Qqo  agrees  very  well  with  the 

nine  measured  values  shown  in  Table  15-11. 

2 

The  values  of  j  PQ |  listed  in  Table  15-11  are  the  measured  power  reflection 

coefficients  at  resonance.  The  theoretical  values  can  be  found  using  Eqs.  14-49 

and  14-50.  Since  He^CO)  -  0  for  n  odd,  Eq.  14-49  gives  ■  0  for  n  odd.  There- 

2 

fore  the  theoretical  value  of  |pQ|  is  unity  (-0.0  db)  for  n  odd  for  all  probe 

depths  d.  These  modes  can  theoretically  never  reach  the  critical  coupling  con- 

2  2 
dition  |pQ|  ■  0.  But  the  table  shows  that  experimentally  |pq|  can  equal  zero 

for  n  odd. 

This  disagreement  is  probably  due  to  slight  asymnetries  which  exist  in  the 
resonator  due  to  fabrication  tolerances.  The  probe  is  evidently  not  exactly  at 
x  ■  0.  Also,  the  curved  surface  z  -  -  z^(-)  is  evidently  not  perfectly  symmetric 
about  x  *  0. 

More  satisfactory  agreement  between  the  coupling  theory  and  experiment  is 


found  in  the  coupling  to  the  even  numbered  modes.  Equation  14-51  can  be  used 
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MEASURED  VALUES  OF  Q  FOR  RECTANGULAR  BEAM  WAVEGUIDE  RESONATOR 


to  predict  the  probe  penetration,  d,  required  for  critical  coupling  of  the  even 

numbered  modes.  The  value  of  Zq,  which  is  the  characteristic  impedance  of  the 

coaxial  feed  line,  is  approximately  50  ohms.  The  value  of  u  for  the  various 

pn 

modes  can  be  obtained  from  Eq.  14-53.  The  values  of  Hen(0)  needed  in  Eq.  14-53 
can  be  obtained  from  Figs.  14-3  through  14-10.  The  value  of  uq  for  the  resonator 
used  in  the  measurements  is  11.9/metero  Thus 

u  -  11.9/277-  9.50/m. 
po 

u  .  -  (11.9/2)^77  -  4.75/m. 

p2 

V '  ■  3-56/*- 

V ' ■  2-,7/- 

The  value  of  u^o  plus  the  known  values  of  the  other  variables  when  put  in  Eq.  14-51 

yields  a  probe  penetration  d  -  0.52  mm  for  critical  cou^’ing.  This  value  is  reason- 

•ably  close  to  the  experimental  value  of  approximately  one  millimeter  given  in 

Table  15-11.  No  precise  measurement  of  probe  depth  was  warranted  because  of  the 

perturbation  introduced  by  the  sleeve  of  the  probe  assembly. 

2 

The  value  of  Ip  I  for  the  n-2  and  n-4  modes  when  the  n-o  mode  is  critically 
on 

coupled  can  be  determined  with  the  aid  of  Eq.  14-51  and  the  value  of  u  for  the 

P° 

n-o  mode.  Thus 

50  -  K  (9.50) 

where  K  is  a  constant  and  equal  to  5.26.  Now  for  other  modes  Eq.  14-48  yields 


R  -  K  u 
n  pn 


and  hence 


Rj  -  5.26  (4.75)  -  25 


and  R4  -  5.26  (3,56)  -  18.75 

The  reflection  coefficient  p  is 

o 


R  -  Z 
n  o 

R  +  Z 
n  o 
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-  9.5  dB 


wm 


Thus  p. 


and 


n=2 


.  -  -  6.8  dB 
n«4 

The  measured  values  in  Table  15-11  are  -7.2  dB  and  -4.0  dB  respectively.  While 

2 

there  is  only  f  .ir  agreement  numerically  for  the  values  of  Pq  and  the  error  is 
probably  due  me stly  to  the  assumption  of  an  infinitely  thin  probe,  the  theory 
does  correctly  predict  the  order  in  which  modes  will  critically  couple.  In¬ 
creasing  the  probe  depth  from  zero  the  theory  predicts  that  the  first  five  modes 
will  become  critically  coupled  in  the  order  0,  2,  4,  with  1  and  3  simultaneously 
becoming  critical  last.  Even  for  a  fixed  probe  depth  the  value  of  pQ  indicates 
the  order  in  which  critical  coupling  would  take  place.  Table  15-11  shows  the 
order  to  be  0,  2,  4,  3  and  1.  The  fact  that  3  is  ahead  of  1  is  probably  due 
in  part  to  experimental  error.  In  conclusion  the  experimental  observations  on 
the  probe  coupling  are  in  good  agreement  with  the  theoretical  predictions. 

The  only  remaining  topic  is  the  reactance  of  the  probe  and  its  possible 
effect  of  shifting  the  resonant  frequencies.  Since  the  experimental  resonant 
frequencies  agree  very  well  with  those  calculated  by  Eq.  14-17,  the  frequency 
shift  due  to  probe  reactance  is  negligible.  Therefore  the  subject  of  probe  re¬ 
actance  will  not  be  dealt  with  in  detail. 

The  study  made  of  the  rectangular  beam  waveguide  resonator  revealed  that  it 
behaves  in  a  manner  very  similar  to  other  waveguide  resonators.  The  design  of 
the  rectangular  beam  waveguide  resonator  was  straight-forward.  The  length  of 
15  inches  on  each  side  of  center  in  the  x-direction  for  the  resonator  is  probably 
longer  than  necessary  and  in  future  designs  it  could  be  made  considerably  shorter. 
The  actual  fabrication  of  the  resonator  presented  no  serious  mechanical  problems. 
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The  measured  response  curves  for  the  resonator  proved  to  be  true  Q  curves. 
This  means  that  the  resonator  vas  not  being  affected  either  by  the  method  of 
measurement  or  by  some  other  external  factors.  The  ref lectometer  apparatus 
used  for  these  measurements  also  served  to  measure  all  of  the  other  important 
parameters  of  the  rectangular  beam  waveguide  resonator. 

The  conclusion  to  be  drawn  from  this  study  is  that  the  rectangular  beam 
waveguide  resonator  behaves  as  predicted  by  the  theory  developed.  The  mea¬ 
sured  values  of  the  resonant  frequences,  the  0’s,  and  the  various  reflection 
coefficients  agree  closely  with  the  theoretical  values. 

XVI.  THEORY  OF  THE  RECTANGULAR  BEAM  WAVEGUIDE  ANTENNA 
A.  The  Cavity-Backed  Antenna 

The  fact  that  the  n*=o  mode  of  the  rectangular  beam  waveguide  resonator 

2  2 

has  fields  with  the  Gaussian  distribution  E  ■  UyE0e  °  suggests  that  it  can 
be  transformed  into  a  narrow  beam  antenna.  The  transformation  would  consist 
of  introducing  an  aperture  along  the  x  axis  through  the  metal  wall  at  z*o  to 
couple  the  resonator  fields  to  free  space  (see  Fig.  14-2).  The  antenna  so 
constructed  is  here  given  the  name  rectangular  beam  waveguide  antenna. 

Since  the  antenna  aperture  is  backed  by  the  resonator,  the  antenna  is  a 
type  of  "cavity-backed"  antenna.  In  general  the  cavity-backed  antenna  must  have 
an  aperture  which  is  large  enough  so  that  most  of  the  input  power  to  the  ca¬ 
vity  resonator  is  radiated  into  free  space,  yet  not  so  large  that  the  resona¬ 
tor  field  configuration  is  destroyed  and  hence  also  the  desired  antenna  pat¬ 
tern.  Such  an  antenna  has  reasonably  high  values  of  both  radiation  efficiency 
and  Q.  The  bandwidth  of  the  cavity-backed  antenna  is  generally  smaller  than 
that  of  other  types  o.  antennas  since  its  bandwidth  is  controlled  by  its  Q^. 

The  familiar  relation  is  that  the  bandwidth,  Af  *■  f  /Q  . 

IT  Li 
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A  few  types  of  cavity-backed  antennas  have  been  discussed  in  the  litera¬ 
ture.  Jacobsen  et  al.  have  presented  an  antenna  backed  by  a  regular  wave¬ 
guide  cavity. ^  The  aperture  in  this  case  consists  of  many  circular  holes. 

The  diameter  and  number  of  the  holes  determines  the  magnitude  of  the  coupling 
to  free  space.  Jacobsen  et  al.  stress  the  point  that  any  cavity-backed  antenna 
has  an  advantage  over  other  types  of  antennas  because  the  phase  of  the  aperture 
fields  is  constrained  to  be  uniform  by  the  cavity.  The  uniform  phase  eliminates 
phase  error,  thereby  eliminating  corresponding  irregularities  in  the  radiation 
pattern. 

Instead  of  using  holes,  a  slot  can  also  serve  as  a  coupling  aperture,  as 

52 

in  the  cavity-backed  antenna  discussed  by  Adams.  Slot  coupling  in  the  rec¬ 
tangular  beam  waveguide  antenna  can  be  accomplished  by  cutting  an  opening  in 
the  z»o  wall  that  extends  from  y  *  -  w/2  to  +w/2  ,  with  a  slot  width  w  of  the 

order  of  a  few  thousandths  of  an  inch,  and  from  x  •  - L  /2  to  +L  /2  where 

s  s 

the  slot  length  L  is  nearly  equal  to  the  length  L  of  the  resonator.  Such  a 

3 

slot  simulates  a  line  source  of  fields  along  the  x  axis  from  -L  /2  to  +L  /2 

s  s 

The  radiated  field  from  such  a  continuous  line  souce  is  proportional  to  its 
Fourier  transform.  Since  the  Fourier  transform  of  a  Gaussian  source  distri¬ 
bution  is  a  Gaussian,  the  radiation  pattern  cf  the  antenna  excited  in  the  n**o 
mode  of  the  resonator  can  be  shown  to  be  a  narrow  beam  Gaussian  in  the  xz 
plane.  The  radiation  pattern  in  the  yz  plane  of  the  line  source  is  a  circle, 
that  is,  it  is  omnidirectional.  The  magnitude  of  the  slot  coupling  from  the 
resonator  to  flue  space  will  depend  on  the  slot  width  w.  The  larger  w  is, 
the  larger  the  coupling  will  be.  The  coupling  will  also  be  affected  by  the 

51.  S.  Jacobsen,  E.  Andersen,  and  M.  Groniund,  "An  Antenna  Illuminated  by  a 
Cavity  Resonator",  Proc.  IEEE,  vol.  51,  November  1963,  pp.  1431-1435. 

52.  A.T.  Adams,  "Flush  Mounted  Rectangular  f,  Slot  Antennas  —  Theory 

and  Design",  IRE  Trans,  on  Antennas  and  T  %  ;ation ,  vol.  AP-15,  May  1967, 

pp.  342-351. 
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thickness  t  of  the  metal  wall  in  which  the  slot  is  cut. 


An  important  effect  of  either  the  slot  or  the  hole  coupling  in  the  ca¬ 
vity-backed  antenna  is  an  increase  in  the  power  loss  above  that  of  the  one- 
port  resonator.  The  power  loss  increases  because  power  is  now  radiated  into 
free  space  by  the  antenna  aperture.  Another  effect  of  the  aperture  coupling 
is  a  possible  change  in  the  resonant  frequency. 

B.  Equivalent  Circuit  of  the  Rectangular 
Beam  Waveguide  Antenna 

The  equivalent  circuit  of  the  rectangular  beam  waveguide  resonator  coupled 
to  a  source  by  a  probe,  was  presented  previously  and  is  the  circuit  shown  in 
Fig.  15-3.  If  the  resonator  is  to  form  an  antenna,  then  a  second  port  through 
which  the  energy  to  be  radiated  can  leave  the  resonator  must  be  introduced. 

When  a  second  coupling  port  is  created  which  can  be  either  a  slot  or  holes 
used  as  an  aperture  then  the  equivalent  circuit  of  the  one  port  resonator 
must  be  modified. 

When  energy  is  coupled  out  of  the  resonator  by  a  slot  along  the  x-axis, 

the  beam  mode  incident  on  the  slot  is  approximately  a  plane  wave  with  E  in  the 

y-direction.  It  can  be  shown  that  the  impedance  presented  to  a  plans  wave  with 

its  E  field  across  the  slot  will  be  a  resistance  Rfl  in  parallel  with  a  capaci- 
53 

tance  Cg.  The  capacitance  implies  'hat  the  coupling  is  of  the  electric-moment 
type  which  is  the  same  type  of  coupling  obtained  with  a  probe.  A  resonator  with 
input  and  output  coupling  of  the  electric  type  has  been  shown  to  have  an  equiv¬ 
alent  circuit  consisting  of  a  series  RLC  resonant  circuit  in  series  with  the 

54 

coupling  port  impedances.  Thus  the  equivalent  circuit  for  the  slot  coupled 
rectangular  beau  waveguide  antenna  is  as  shown  in  Fig.  16-1  where  7,  is  a  resis¬ 
tance  R  in  parallel  with  a  capacitive  reactance  1/jB  . 
d  » 

53.  R.F.  Harrington,  Time-Harmonic  Electromagnetic  Fields,  McGraw-Hill  Book  Co., 
New  York,  N.Y.,  1961,  p.  183. 

54.  G.  Goubau,  Electromagnetic  Waveguides  and  Cavities,  Pergamon  Press  Inc., 

New  York,  N.Y.,  1961,  p.  514. 


220 


EQUIVALENT  CIRCUIT  OF  CAVITY-BACKED  ANTENNA 


When  the  output  coupling  impedance  Z  consists  of  a  parallel  cotab inat.  on 

a 

of  a  resistance  and  capacitance,  then  the  circuit  of  Fig.  16-1  is  no  longer  a 
simple  series  or  parallel  resonant  circuit  of  R,  L  and  C.  The  impedance  at 
the  Input  coupling  port,  that  is,  at  the  probe  indicated  by  the  terminals  a-b 
in  Fig.  16-1  is 


1  (Ra)('l/V 

Z(u>)  =  R+ju)L  -  ±  - 


Z(io)  =  R  + 


1  +  (R  B  ) 
a  a 


2  +  j  [wL  - 


R2B 
a  a 


1+(R  B  ) 
a  a 


-  JLj 

U)CJ 


(16-1) 


(16-2) 


or 


Z(to)  =  R'  +  j  [wL*  - 


(16-3) 


where  R'  *  R  + 


1+<W' 


and  L'  *  L  - 


R2B  /(i) 


a  a 


1+(R  B  V 
a  a 


Thi3  impedance  Z (w)  is  of  the  same  form  as  the  Z(u>)  of  the  original  series  cir¬ 
cuit  resonator  (Eq.  16-2  with  R  -0)  if  R'  and  L'  can  be  considered  constant. 

a 

Now  for  rt  C  r»oc  too  much  larger  than  1/w  or  L/R  ,  and  for  a  range  of  to  from 
about  0.9u)  to  l.lui,  L'  and  P'  can  be  considered  approximately  constant  and  the 
slot  coupled  antenna  should  exhibit  an  input  impedance  very  similar  to  that  ob¬ 
tained  for  the  one  port  resonator.  The  slot  antenna  will  of  course  have  a  dif¬ 
ferent  input  resistance  R'  at  resonance  and  a  different  resonant  frequency  u>r. 

The  resonant  frequency  must  satisfy  the  following  condition. 

0J  “  •== 

r  ATc 
or 

j_  (16-4) 

==^1'  C 

a 

UJ  <1/K?+B2) 
r  a  a 
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Thus  Eq.  16-4  shows  that  the  new  resonant  frequency  is  higher  than  the  re¬ 
sonant  frequency  ^  =  lj/Cc  of  the  original  one  port  resonator.  Solving  for 
u>r  from  either  Eq .  16-2  or  Eq.  16-4  gives, 


Under  the  stated  assumptions  the  final  equivalent  circuit  and  the  original 
equivalent  circuit  behave  similarly  except  that  the  final  circuit  has  new 
values  of  R  and  L.  The  Q’s  will  be  lower  since  power  is  being  radiated  from 
the  coupling  aperture.  The  Q’s  for  the  antenna  are  given  by 

ws 

^oor  wr  P  ,  +  p  (16-6) 

rad  c 


r  PmH  +  P  +  P 
rad  c  co 


p.  +  P+  P  +  p 
rad  c  co  exl 


where  QQor  -  unloaded  uncoupled  Q  with  radiation 
%r  =  unloaded  Q  with  radiation 
QLr  *  loaded  Q  with  radiation 
Ws  *  enerSy  stored  in  resonator 
erad  *  power  radiated 
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P  “  power  dissipated  in  walls  or  absorbed  by  resonator 
Pco  "  power  lost  in  coupling  probe 
P  j"  power  lost  in  external  input  circuit 


When  these  Q's  are  known,  important  parameters  such  as  antenna  efficiency 
T  can  be  calculated.  The  antenna  efficiency  is  defined  as  follows: 


rad 


rad 


P.  +  P+  P  +P 
rad  c  co  r 


where  T  is  evaluated  at  resonance 


(16-7) 


P  “  power  incident  on  resonator 
o 

P  •  power  reflected  by  resonator 

The  value  of  T  should  be  as  near  to  one  as  possible.  Thus  the  esse  of  a  criti¬ 
cally  coupled  resonator  is  of  Interest  since  then  -  0  and 


r 


c.c. 


rad 


P  .  +  P  +  P 
rad  c  co 


(lb-8) 


If  an  external  Q  at  port  2  (output  port)  is  defined  by 


>«2  '  *r  P 


rad 


(lb-9) 


then 


(lb -10) 


* 
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However  the  following  is  aleo  true 


-i _ i _ L 

^ex2  ^oor  ^oc 


(16-11) 


where  Qqo  *  “r  jr-  previously  measured. 


rl  -  Q  U - U 

|c*c-  or  Woor  O 


(16-12) 


Thus  from  the  three  measured  Q's  given  in  Eq.  16-12  the  antenna  efficiency 


can  be  determined. 


The  validity  of  Eq.  lb-12  may  be  checked  by  assuming  P  »  0.  Then 


Q  **  Q  and 
or  voor 


r  <■  q 

C.C.  y( 


,  U - L. 

°°r  Kx  Qoo 


(16-13) 


rl  -  i  -  -22E 

C.C.  Q 

OO 


(16-14) 


P  +  P  ,  -  P 
I' |  -  c  ^  c 

I  c.c.  P  +  P 

c  rad 


When  the  coupling  is  critical 


r  + - 2 - -  .  z 

®  1  +  (R  B  )2  ° 

a  a 


(16-15) 


and  hence 


P  +  P  -  p 
rad  c  exl 
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r 


c.c. 


(16-17) 


4P  P 
exl  rad 


4P  P 
exl  rad 


C'C*  (P  .+P  .)2  (P  ,+P  +P  ,)2 

exl  exl  rad  c  exl 


c.c.  Q  -Q  2 
exl  ex 

55 


(16-18) 


which  Is  a  familiar  formula.' 

Since  critical  coupling  to  the  resonator  is  a  desirable  condition  it 
may  be  of  interest  to  calculate  the  probe  depth  required.  A  theory  was  pre¬ 
sented  in  a  previous  section  (Eq.  14-49)  which  predicts  the  required  probe 
depth  for  critical  coupling  of  a  one  port  resonator.  The  formula  was  de¬ 
rived  using  several  approximations,  the  most  Important  of  which  was  that  the 
coupling  loss  Pcq  is  negligibly  small.  The  formula  can  be  made  valid  for 
the  case  of  the  two-port  resonator  by  simply  changing  Qqq  to  Qoor*  Hence 
for  critical  coupling  d,  the  probe  depth,  must  satisfy 


Q  tan2  ^  He2(0) 

oor  i  n 

u  „  X  . 

°  k2Eh  -£  si 

4  u  2 

o 


(16-19) 


where  d  ■  depth  of  probe 
n  -  mode  number 
h  *  height  of  resonator 
k  -  wave  number 
\Q  m  free  space  wavelength 
He  *  Hermlte  polynomial 

55.  J.  Altman,  Microwave  Circuits,  D.  Van  Nostrand  Co.,  Inc.,  Princeton,  N.J. 

1964,  p.  247T 
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SinCe  Qoor  is  smaller  than  Q^,  it  is  obvious  that  after  port  2  has  been 
introduced  the  probe  depth  d  must  be  increased  to  maintain  critical  coup¬ 
ling. 

C.  The  Slot  Aperture 

Radiation  Field  of  Infinitely  Long  Slot  Antenna 

The  equation  for  the  radiation  field  produced  by  the  n-o  mode  of  a 
slot  antenna  will  be  derived.  The  slot  of  the  rectangular  beam  waveguide 
antenna  opening  onto  the  z-o  ground  plane  is  shown  in  Fig.  16-2.  The  re¬ 
sonator  is  in  back  of  the  slot  and  extends  from  z=o  to  z  -  -  z*(x).  The 

n 

width  of  the  slot  is  »  and  the  length  Is  Ls-  This  section  of  the  report 

will  consider  the  slot  length  Ls  and  the  resonator  length  L  Is  to  be  In- 
finitely  long. 

The  far  field  or  radiation  pattern  of  an  aperture  is  generally  deter¬ 
mined  by  taking  the  Fourier  transform  of  the  field  incident  on  the  aperture.56 
Thus 

_  -IkR 

E  m  J  (u0sin(jrHi^cos9co8$)  — # 

Jy  /x  Ey(x,y,o)eJk(8infi8ln,^sln0cos^)  dxdy  (16- 20> 

This  equation  is  accurate  provided  the  aperture  extends  at  least  several 
wavelengths  in  both  the  x  and  y  directions.  Only  the  n-o  mode  of  the  rec¬ 
tangular  beam  waveguide  resonator,  which  has  a  travelling  wave  E  -  u  E  e~uox^ 

y  o 

Will  be  considered.  Then  Eq.  16-20  can  be  written  as 


—  -  _  -IkR 

E  “  .1(upsin(Jrt-u,cos0cos<}>)  —  Eli 
<P  aR  o  y  x 


(16-21) 


!  56. 


J.  Brown,  "A  Theoretical 
ments",  Proc.  TEE.  Vol. 


Analysis  of  Some  Errors  in  Aerial  Measure- 
105C,  February  1958,  pp.  343-344. 
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where  I  ■  /  e 
y  w 

“  2 


jlcsin6sin4>y 


(16-22) 


and  I  -  /  ,  e'V  +Jk»inecos+x 


(16-23) 


The  integral  1^  can  be  evaluated  by  first  completing  the  square  in  its 


exponent  which  yields 


-  -k2sin2eco82*/4u2  /2  e'IV"J(k0lneco,^/2uo)j2  d* 

i  e  c  4  i.  “ 


(16-24) 


Npw  1^  is  easily  fouid  since  for  the  present  case  L#  is  taken  as  infinite,57 


T  „  ~k2sin26cos2$/4u 2 

V  13  ®  O 


X  y 


(16-25) 


Hie  width  w  of  the  slot  in  the  antenna  under  discussion  is  much  smaller 
tnan  the  wavelength  X  and  hence  the  integral  in  Eq.  16-22  is  not  valid.  Thi» 


Eq.  16-21  becomes 


E  “  J (u  sin$+u  cos6cos^) 


;~JkR  x  AT  -k2sin20cos2#/4u2 
XR  j  u  *  ° 


(16-26) 


wnere  I  is  a  function  of  w  yet  to  be  determined. 

The  power  density  S  at  a  distance  R  from  the  antenna  is  found  by  taking  the 
absolute  value  of  the  Poynting  vector 

S  *  E  *  H* 

where  H  -  (l/n)  ^xE  and  n  -  377  ohms.58  Then 


t2i2ir 

~2~2  2  (»in2e+cos26cos2#)  e-k28ia26cos2#/4u2 

X  R  u  n 
o 


(16-27) 


57.  J.  L.  Powell  and  B.  Crasemann,  Quant un  Mechanics.  Addison-Wesley  Publishing 
Company,  Reading,  Massachusetts,  1961,  pp.  475-476. 

58.  Reference  in  footnote  5G,  page  344. 
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The  functional  dependence  of  S  on  0  and  +  is  apparent  and  results  in  the 

radiation  pattern  of  the  antenna  at  some  constant  distance  R  from  the 
antenna. 


The  gain  G  of  the  antenna  is  given  by  the  equation^ 


which  applies  for  a  line  source  radiating  into  ail  space.  Since  for  the 
antenna  under  discussion  radiation  is  into  half  space  only  the  gain  .ust  be 
aultiplied  by  2  giving  the  following  fornula  for  the  gain: 


(lb-29) 


59. 


Sidr^i^^?6?18”  °f  Li“e"Source  Antennas  for  Narrow  Beaowldth  and  Low 
p  24^  ’  —  ■Trgu*  ?P  Aotenn&s  Propagation.  Vol.  AP-3,  January,  1955, 
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2  2 

/  v  „~u  X 

J  E  e  o 


dx 


.  .  « 

X  « 


/  p2  “2u‘  X 
)  Eq»  o  dx 


2  2 


and 

G  -  -ji-  ^57 

Au 

O 

The  gain  is  related  to  the  total  power  radiated.  P 

rad  ’ 

Value  Smax’  Jf  3(0 of  16-27  in  the  following  way. 
4xR2S 

^  _  max 

TT 

rad 

The  value  of  can  be  obtained  from 


P  ■  P  T 

rad  “ inc 

where  -  power  incident  on  slot 

and  T  -  transmission  coefficient  of  slot  and  must 

The  value  of  P^  for  the  antenna  under  discussion  is 

w 

1  2  -  22 

Pinc  “  7  1  1  E0  *  U°X  **  dy 

w  — 

"  2 


inc 


-  *  E2  i-i/T 
n  o  u  1 2 


Thus  P  ,  is 
rad 


rad 


E2  I — i 

-  -2-V-Tw 

nu  K  2 


(16-30) 

(lb-31) 

and  the  maximum 

(16-32) 

(16-33) 

be  determined. 

(16-34) 

(16-35) 

(16-36) 
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The  transmission  coefficient  T  as  a  function  of  slot  vidth  has  been  de¬ 
termined  exactly  for  a  capacitive  (E  transverse)  slot  in  an  infinitely  thin 
perfectly  conducting  plane  by  Morse  and  Rubenstein.^  Their  determination, 
together  with  quite  accurate  variational  approximations,  has  been  used  to 
plot  tne  graph  of  TW/A  versus  w/A  shown  in  Fig.  16-3.^* 

An  expression  for  1^  is  now  possible  since  the  value  of  Tw  is  aval lable 
from  Fig.  16-3.  Using  Eqs.  16-31,  32  and  36  the  value  of  S  can  be  written 


S 

max 


S 

max 


E2  Tw 
o 

2  2 
n^uR 


o 


Comparing  Eq.  16-37  with  Eq.  16-27  it  is  evident  that 


(16-37) 


60.  P.  Morse  and  P.  Rubenstein,  "The  Diffraction  of  Waves  by  Ribbons  and  Slits," 
Physical  Review,  Vol.  54,  December  1,  1938,  pp.  895-898. 

61.  J.  N.  Miles,  "On  the  Diffraction  of  an  Electromagnetic  Wave  through  a  Plane 
Screen,"  Journal  of  Appl.  Phys.  ,  Vol.  20,  August,  1949,  pp.  767-768.  See 
also  R.  F.  Harrington,  Time-Harmonic  Electromagnetic  Fields,  McGraw-Hill 
Book  Co.,  New  York,  N.  Y.,  1961,  pp.  370-371. 
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where  Tw/A  Is  obtained  from  Fig.  16-3.  Equation  16-40  des tribes  a  radiation 
pattern  shaped  like  a  thin  "pancake"  lying  in  the  yz  plane  with  a  maximum  val¬ 
ue  at  either  0=0  or  4>  =  ±  n/2.  The  pattern  in  the  xz  plane,  for  which  cos4>  * 

2  2  2 

1,  is  proportional  to  cos  0e  S^n  Uo  and  is  essentially  a  Gaussian  pat¬ 
tern.  Thp  polarization  of  the  radiated  field  can  be  determined  from  F.q.  16-39. 

For  example,  for  4>=0,  the  field  is  polarized  in  the  u,  or  u  direction. 

<f>  y 

The  value  of  the  Q  of  the  rectangular  beam  waveguide  resonator  as  a  func¬ 
tion  of  the  radiated  power  can  also  be  determined  from  the  foregoing  equations. 
11ms  Fq.  16-36  which  gives  the  total  power  radiated  can  be  used  to  predict  the 

value  of  Q  which  is  the  unloaded  uncoupled  0  of  the  resonator.  Recall  that 
oor 

the  external  Q  at  the  output  or  radiation  port  of  the  resonator  is  given  by  Eq. 
16-9, 

Q. 


W 


ex2  r  P 


rad 


and 


W  =  e  /  E  dV 
s  o 

V 


where  E  is  the  r.m.s.  value  of  the  total  electric  field. 
The  value  of  F.  for  the  nC^  mode  is  given  by 


2  2  - 

F  =  |f.|  -  2E  He  (2u  x)e~U°X  sin  (~r  z) 

11  n  n  o  A 

where  E  is  the  r.m.s.  amnlitude  of  the  travelling  wave  of  the  n 
n 


(16-41) 


th 


mode.  Thus 


2  2 

co  2  -2u  x  X 

c  /  (2E  )  He  (2u  x)e  o  dx  h— 
o  ii  n  o  4 


o  »  u  - - - 

ex2  °  C2  „  1 

E  “  2 


_o 


2  2 


(16-42) 


^'u  x 


n  _  ,  He  (2u  x)e  o  dx 
—  Tw  I  n  o 
n  -~ 
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TRANSMITTED  POWER  (TW/X) 


•%<*«•» «£J--  . 


where  h  is  the  Inside  height  of  the  resonator. 

Simplifications  yields 

0  *  — — 
ex2  Tw/A 

where  k  is  the  wave  number. 

With  the  value  of  known  the  value  of  0^  can  be  determined  from  Eq. 

16-11.  Note  that  0^  in  Eq.  16-43  is  independent  of  mode  number. 


(16-43) 


— _ Radiation  Field  of  Finite  Length  Slot  Antenna 

A  practical  antenna  will  have  a  finite  length.  The  slot  length  L  in 

s 

the  x-direction  will  typically  be  such  that  u^  is  between  3  and  10.  If  the 

integral  Ix  in  Eq.  16-24  is  evaluated  for  a  finite  slot  length  L  a  new  val- 

s 

ue  for  S  and  hence  a  new  radiation  pattern  will  be  obtained. 

Transforming  Eq.  16-24  by  letting  a*u  x-jksin0cosi,k/2u 

°  o 


t  1  "X' 

I  =  —  e 

x  u 

o 


+X-JX  a2 

f  e~  ‘ 

-Y-jX 


where  X  »  ksin0cos<f>/2u 


and  Y  «  u  b  /2 
o  s 


(16-44) 


(16-45) 


2 

Now  from  Cauchy* s  residue  theorem  of  complex  analysis,  since  e~rt"  has  no 


.singularities , 


e  n  c  ^ 


(16-46) 


where  C  is  any  closed  contour  in  the  complex  plane.  Thus 


^Y_1XV 

e  da  + 


+Y-1X 


f 

/  -Y-jX 


-a 

e  da  +, 


-a  . 

e  da 


/+Y-jX 


62.  This  radiation  pattern  has  very  recently  been  mentioned  in  the  literature. 

See  T.  C.  Lee  and  .1.  n.  Zook,  "Light  Beam  Deflection  with  Electrooptic 

,  ’  -] j/ILK. _°_f _  Quantum  Electronics,  Vol.  Ol>4,  July,  1968,  pr>. 

442-454. 


or 


>Y-jX 


-a* 

e  da 


-Y-jX 


Similarly 


,+Y-jX 


o 

--  f  •"* 


da  - 


+Y-jX 


rY-jX 


-a 

e  da 


e  da  +  I  e-'*  da  »  0 
+Y-JX 

.+Y-JX 


e  a  da  “  - 


-a  . 
e  da 


+Y-JX 


( 1ft— 4  7 ) 


(16-48) 


(16-49'* 


Thus 


,+Y-jX 

-Y-jX 


—a  , 

e  da  * 


.+Y-JX 


To  simplify  further,  let  6  -  a/ (Y-JX). 
,Y-jX 


or 


dB 


dB 


-  JX  fK^2**2)*2  gJ 2XYB^ 


de 


J-JX 


-a 


, v2\ 


e-da  -Y  /  e<-Y  +X  >6  cos(2XYB2)dB 


(16-50’ 


(lA-^n 


♦  X  /  e("Y2+x2>*2 


sin(2XYB  )dB 


+  J  VI f  e("Y  +X  )6sin(2XYe2)dB 


X  {  e ^-Y^+X2) 62 
A  /  e  co« 

/  o 


cos(2XY6“)de ) 
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06-52 


“  18  Clear  th*‘  th*  »*««  V  will  Just  change  the  sign  the 

reel  component  of  the  Integra!  on  the  left  aide  of  the  equation.  Changing  the 

algn  of  X  will  Joet  change  the  eign  of  the  1-eelnary  component  of  the  Integral. 


-Y-jX 


e-0  da  -  -  Re 


e  da  +  J  Ira 


Y-jX  . 
e  da 


The  expression  for  lx  In  Eq.  16-44  becomes  with  Eqs.  16-50  and  53 


,+Y-jX 


I  _y2  /  •'  2 

\  m  —  e  Re  [2 J  da] 


Let  t  -  ja 


(16-53) 


(16-54) 


1  -X2  /X+1Y,2 

lx  *  —  e  Re[-j2/  e*  d 


Further  set  z  *  x+JY 


2  ,-z2+  £  e-Ve*  dt 

■n  o-X  Re  - - - - l _ 

1  -r2 

"TT" 


+  /JT 


(16-55' 


Tables  are  available  that  tabulate  functions  u  and  v  that  are  defined  by63 


-z 2  2  -z 2  2 

u+jv  -  e  +jf  ez/e t  dt 


(16-5o) 


t  ^  -X2  r  z2 
Xx*~  e  Re[l-eZ  (u+jv)] 
o 


(16-57) 


,z2  .  e0W\1Y)2m  eX2-Y2 


(cos2XY+1sin2XY/ 


(16-58) 


fyfVa  and  N*M*  T««’ev,  Tables  of  the  Probabllitv  Intezral  for 
£pS»lM  Argument,  Pergamon  Press.  New  York!  O  ~1961.  See'  aVso?M  ~ 
Abramovi  tz  and  T.  A.  Stcaun  (Editors).  Handbook  of  Mathematical  Motions 

V  c'Tvh?™™  297^325-328.'  ^  Office,  W.hinpt«: 
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Hence 


j-  ,.2  2  2 

I  -  e~A  |l-Re[eX  “Y  (cos2XY+jsin2XY) (uFjv) ] } 


(16-59) 


or 


/T  _v2  y2_y2 

I  *  —  e  fl-c  (ucos2XY-vsin2XY) ] 

X  u 

o 


(16-69) 


Equation  16-60  is  the  final  result  for  T  .  If  Y-u  I,  /2  is  allowed  to  approach 

x  os 


infinity  then 

I 


,V  _v2  _ 

r, — *■  —  e  (l-o  (ucos2XY-vsin2XY) 
x  Y  ►«>  u 

o 


Tallies  of  u  and  v  indicate  that  they  remain  finite  even  for  verv  larp.e  Y  and 
thus 

I 


r 


__n  -X‘ 

*x  Y  *»  u  C 
o 


This  sprees  with  F.q.  16-25  for  the  antenna  with  an  infinitelv  lonp  slit. 

The  value  for  1^  piven  hy  F.q.  16-60  will  modifv  the  expression  for  S 

piven  by  F.q.  16-40.  The  new  expression  for  S  is 

F2Tw  2  22 

S  *  °y  y  (sin2>F+cos2Gcos^(Ji)  e  "X  (l-e“  Y  (ucos2XY-vsin2XY)  ]“ 

xr.‘'u“'( 

O 


(16-61) 


Tlius  the  radiation  pattern  is  chanped  somewhat  due  to  the  finite  length  of 
the  slot  L^.  Other  antenna  characteristics  are  essentially  unchanged.  Fquation 
16-31  for  fJ  and  F.q.  16-43  for  are  still  accurate  provided  I.  is  such  that 

u  1.^  ranpes  over  tvpical  values  from  3  to  10. 


3.  Fresnel  Field  of  Antenna 

It  is  important,  for  purposes  of  me.asurements  and  tests,  to  know  the 
distance  from  the  antenna  at  which  the  radiation  (far)  field  piven  hy  F.q.  16-21 
begins.  This  distance  can  be  estimated  by  examlninp  the  Fresnel  field  of  the 
antenna.  Instead  of  usinp  the  approximation  implicit  in  Fq.  16-20,  i.e.. 
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r  ~  R  -  xsinOcosif 


(16-62) 


the  more  exact  Fresnel  approximation  will  be  used.  Thus  from  Fig.  16-2  it 


follows  that 


2 1  2  2 
r  =  R  +x  -2Rxcost|/ 


but  cosi|i  =  (x  component  of  R)/  R  «  Rsin0cos<j>/R 
2  2  2 

thus  r  *  r  +x  -2 RxsinOcos^. 

The  Fresnel  approximation  is64 


(16-63) 


(16-64) 


r~R-xsinOcos<f  +  ~  (l-sin20cos2<|>)  (16-65) 

and  when  squared  is  equal  to  r2  except  for  negligible  terms  of  the  order 
of  x^R  ^  and  x4R  2. 

Equation  16-21  can  be  modified  to  express  the  Fresnel  field  instead  of  the 
far  field  only,  by  adding  the  x2  terms  of  Fa.  16-65  to  the  exponent,  thus 


K  *  .j(uosin<f+u((cos0cos<f>)  —  E  . 


2  2  0 

(l-sin  0cos  <J>))x“  jk(sin6cos())x+sin0sin<J-y) 


(16-66) 


This  can  be  rewritten  as, 


-  —  —  **j  kP  rrp 

F.  =  j(u  simH-n.cosOcos^)  — — —  E  \l—  I 

H  y  R  o  V  Xn  xf 


(16-67) 


Lf  -  / 


J.!± 


(l,0+1  2p  (l_sln  0cos2$))x2  jksinOcos  if  x 


(16-681 


64.  R.  C.  Hanson,  Microwave  Scanning  Antennas ,  Vol.  1,  Academic  Press,  Nev  York. 
6.  Y . ,  1V64 ,  p.  26. 
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Now  I  ,  has  been  examined  for  L  *>  •»,  in  which  case  it  has  the  value, 
xf  s 

j  „  _ -k2sin2Ucos2$/(4u2(l+jb))  (16-69) 

xf  ’  u  /r+Tb e 

o  J 

2  2  2 

where  b  ■  defocusinp  ratio  *=  k(l-sin  Dcos  $)/2Ru  . 

o 

For  |  ©|  less  than  about  20°,  b  is  approximately  constant  and  equal  to  k/2Ru~. 

o 

The  Fresnel  integral  I  for  |©|  <  20°  is  therefore  a  Haussian  function  but 

with  a  greater  standard  deviation  than  the  far  field  function  I  .  However 

x 

for  b<0. 1  the  function  I  ^  has  approximately  the  same  standard  deviation  as 

I  .  Thus  ttie  distance  R»R  for  which  b=*0.1  may  be  taken  as  the  border  or  edge 
x  m 

of  the  far  field.  At  a  distance  from  the  antenna  smaller  than  R  the  pov?er  or 

m 

field  squared  pattern,  which  is  proportional  to  the  square  of  I  ,  is  broadened 

(defocuscd)  but  remains  Caussian. 

D.  Aperture  of  Closely  Spaced  Holes 

1.  Comparison  with  the  Slot  Aperture 

An  alternative  to  the  slot  aperture  is  an  aperture  consisting  of  a  row  of 

circular  holes  spaced  along  the  x  axis.  This  type  of  aperture  coupling  results 

in  discrete  sources  rather  than  the  continuous  line  source  of  the  slot.  Thus 

the  radiation  pattern  of  the  holes  is  in  general  not  found  bv  taking  a  Fourier 

transform.  Instead,  assuming  an  infinitely  thin  wall  in  which  the  coupling 

b-'lcs  are  placed  and  an  incident  field  that  is  uniform  over  a  given  hole,  each 

66 

hole  can  be  treated  as  a  magnetic  dipole  directed  in  the  x-direction.  If 

there  were  no  coupling  between  the  holes,  then  the  strength  of  each  dipole 


would  be  proport  tonal  to  the  field  incident  or.  the  hole  from  the  resonator. 


65.  II.  A.  '..nieeler,  "Ancenna  Ream  Patterns  which.  Retain  Shape  with  Hc-focusing , " 
T HP  Trans,  on  Antennas  and  Propagation ,  Vol.  AP-10,  September  1962,  pp. 
'574-575. 

66.  !!.  A.  Rethe,  "Theorv  of  Diffraction  of  Small  Holes,"  Physical  Review, 
vol.  66,  nos.  7,8,  October  1  ,  1944,  pr>.  165,  171. 
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Tn  such  a  case  the  strength  of  the  dinoles  would  follow  a  Oaussian  distribu¬ 
tion  for  the  n=o  mode  in  the  resonator.  The  radiation  pattern  of  such  an  ar¬ 
ray  of  dipoles  is  easily  calculated  using  antenna  array  theory.  The  appropri¬ 
ate  formula  is  for  an  array  of  dipoles  of  constant  phase  positioned  along 

,  ,  *7 

the  x  axis: 


K  ,(0)-IV1kXlCOS°  +0oe-1kx2COSfi  + 

rad  1  l 


+  Dwe-1kxNCOS° 
N 

th 


(16-70) 


where  !)  =  dipole  strength  of  the  n  dipole 

n 

x^  =  position  of  the  ntk  dipole  on  the  x  axis 

I'  =  radiatlon  field  intensity  as  function  of 

rn  the  angle  0  in  Fig.  16-2. 

For  example,  for  holes  spaced  every  half  wavelength  from  x  *  0  to  x  ■ 

*(1/2)1.^  =  ±  1^",  the  radiation  pattern  was  calculated  using  Eq.  16-70  on 
an  IBM  1620  digital  computer.  The  pattern  obtained  is  very  similar  to  the 
Oaussian  pattern  obtained  for  slot  coupling  except  that  sidelobes  appear 
which  are  approximately  60  db  below  the  pattern  maximum. 

Coupling  between  the  dipoles  does  exist,  however,  and  will  affect  the 
power  radiated  by  each  dipole.  Each  dipole  will  radiate  a  power  proportional 
to  both  the  field  strength  Inside  the  resonator  and  the  field  at  the  front  of 
the  hole  produced  hy  the  other  dipoles  of  the  array.  Thus  it  is  difficult  to 
say  without  further  detailed  analysis  whether  or  not  the  Dower  radiated  hv  the 
dipoles  still  follows  the  Caussian  distribution  which  results  in  a  narrow  beam 
antenna.  Since  both  the  hole  size  and  the  manber  of  holes  used  in  t’ne  array 
can  he  changed,  a  large  variation  in  the  coupling  is  possible  when  hole  coupl¬ 
ing  is  used.  This  coupling  variation  will  prove  to  be  an  important  advantage 
over  the  slot  aperture. 


67.  E.  C.  Jordan,  Electromagnetic  Waves  and  Radiating  Systems.  Prentice- 
Hall,  Inc.,  Englewood  Cliffs,  N.J,  ,  19*>0,  p.  402. 
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A  certain  snecial  case  of  hole  aperture  coupling  can  be  analyzed  without 

great,  difficulty.  In  this  case  the  holes  are  all  of  constant  diameter  and  are  al 

spaced  as  close  as  possible  alongside  one  another  on  the  x.  axis.  It  is  customary 

to  calculate  the  radiation  pattern  in  this  case  assuming  the  coupling  to  be 

uniform  along  the  entire  length  of  the  holes.  An  example  of  such  a  calcula- 

68 

tion  is  given  in  the  paper  by  Jacobsen  et  al.  Thus  a  row  of  closely  spaced 
holes  can  he  considered  as  a  lino  source  as  far  as  the  radiation  pattern  is 
concerned.  Hence  the  radiation  pattern  and  gain  G  calculated  in  the  previous 
section  for  slot  coupling  apply  also  for  the  special  case  of  hole  coupling 
treated  here. 

Jacobsen  also  shows  that  the  equivalent  circuit  of  a  cavity-backed  antenna 

with  hole  apertures  is  of  the  form  of  Fig.  16-1.  He  also  shows  that  B  is  rega- 

tlve,  and  thus  F.q.  16-4  predicts  a  decrease  in  the  resonant  frequency  rather 

than  an  Increase  as  was  the  case  for  the  slot.  The  values  of  B  and  R  detcr- 

a  a 

mine  the  transmission  coefficient  T  for  the  hole  apertures  as  derived  in  the 
next  section. 

2.  Radiation  Field  of  Hole  Aperture 

The  transmission  coefficient  and  the  corresponding  external  0  of  the  close¬ 
ly  snaced  circular  holes  must  be  calculated  before  the  radiation  pattern  of  the 
pntenna  can  be  calculated.  The  transmission  coefficient  cannot  be  calculated 
by  multiplying  the  transmission  coefficient  of  a  single  hole  by  the  number  of 
holes.  Bethe  g.ives  the  transmission  coefficient  of  a  single  isolated  hole,  hut 

the  presence  of  other  holes  causes  the  field  on  the  outside  of  each  hole  to  in- 
69 

crease.  This  mutual  couplin'  Increases  the  power  radiated  by  each  hole. 

68.  See  ’•eference  in  footnote  r>l. 

6°.  See  reference  in  footnote  66,  n.  171. 
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Two  valid  methods  of  calculating  the  transmission  coefficient  and  0 

ex? 

are  presented  here.  The  first  method  is  based  on  calculations  by  Jacobsen 
ct  al.^J  and  on  flic  theory  of  artificial  dielectrics.  The  second  method  in¬ 
volves  expressing  the  holes  as  a  line  source  of  dipole  moments. 

Jacobsen's  method  of  calculation  consists  of  first  finding  the  impedance 

Z  of  the  holes  In  the  aperture  plate,  then  the  corresponding  power  transmis- 
n 

sion  coefficient  T  ,  and  finally  the  corresponding  r?,x2*  calculations 

are  carried  out  for  the  case  of  the  infinite  plane  of  holes  shown  partially  in 
Fig.  16-4a.  A  TFM  wave  Is  assumed  normally  incident  with  F  directed  as  shown. 
Conducting  planes  perpendicular  to  the  plane  of  the  holes  and  to  the  electric 
vector  may  he  inserted  without  changing  the  field  configuration.  Such  planes 
are  indicated  bv  the  dotted  lines  in  Fig.  16-4a.  Thus  parallel-plane  wave¬ 
guides  are  formed,  each  of  which  terminates  in  a  row  of  holes,  as  shown  in 
Fig.  lb-4h.  Collin  shows  that  the  impedance  of  the  plate  in  Fig.  16-4H  is  the 
same  as  that  of  Fig.  l6-4a.^ 

The  rectangular  beam  waveguide  antenna  with  an  aperture  of  closely 
spaced  holes  is  very  similar  to  Fig.  16-4b.  The  resonator  on  the  left  side  of 
the  aperture  feeds  the  row  of  holes  through  a  parallel-plane  waveguide  as  shown 
in  Fig.  16-4H.  On  the  right  side  of  the  aperture  of  holes,  however,  the  situ¬ 
ation  differs  from  the  parallel-plane  waveguide.  The  antenna  aperture  must  couple 
to  free  space  and  it  will  be  assigned  that  it  sees  either  a  ground  plane  or  flares. 

A  ground  plane  is  made  by  altering  Fig.  16-4b  so  that  the  angle  0  is  0®  instead 
of  90®.  Flares  consist  of  altering  Fig.  16-4b  so  that  0°<6<90®  and  so  that 
the  metal  plates  are  of  finite  length.  Hither  of  these  alterations  to  Fig.  16-4b 

70.  See  reference  in  footnote  51. 

71.  R.  Collin,  Field  Theory  of  Guided  Waves,  McGraw-Hill  Book  Co.,  New  York,  N.Y. , 
1960,  p.530. 
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FIG.  16-4  APERTURE  OF  CLOSELY  SPACED  HOLES 


will  alter  t lie  field  configuration  for  z>0  and  hence  will  alter  the  aperture 
inpedancc  Z^  and  the  corresponding  transmission  coefficient  somewhat.  It  is 
expected,  however,  that  the  impedance  of  the  plate  in  Fig.  16-4a  approximates 
the  Z^  of  the  rectangular  beam  waveguide  antenna  with  an  aperture  of  closely 
spaced  holes. 

The  equivalent  circuit  of  a  cavity-hacked  antenna  with  the  hole  aperture 

of  Fig.  16-4b  is  the  same  as  shown  in  Fig.  16-1  with  the  suscentance  in 

72 

parallel  with  the  resistance  of  free  space.  Jacobsen  gives  the  formula  for 

the  normalized  susccptance  R  «  R  Z  for  Fig.  16-4h  with  a  -  h  as: 

a  a  o 

B  -  l-  -3— 2— ][1  -  (X  /X)2]ll  -  4  D3  •  5^16 j  (lb-71) 

3  nD3cos0  C  3  a3 


^  ■  *  V  *  ^  ^  y  ^ 

where  =  cutoff  wavelength  for  TF.^  circular  mode  in  circular 

waveguide  of  diameter  d;  X  *  1.706D 

c 

P  *  angle  of  incidence  of  wave  *  0°  here 

The  factor  b^  Is  the  basic  normalized  susceptance  of  a  plate  with  circular  holes 

73 

and  agrees  with  expressions  found  elsewhere  such  as  in  Collin.  The  factors 

b.,  and  are  second  order  correction  terms  as  explained  bv  Jacobsen.  The 

*%■ 

factor  1>_  improves  the  accuracy  of  the  B  expression  for  large  values  of  dta- 
t  a 

meter  l>.  The  factor  b^  improves  the  accuracy  for  very  closely  spaced  holes. 

The  assumption  that  a<<X  was  made  in  deriving  b^. 

For  t ho  case  of  a  4  h,  F.q.  16—7 1  must  be  modified.  Examining  Jacobsen's 
2 

reference  allows  that  (a  )  must  be  replaced  by  (ah)  in  the  factor  b^,  and  that 

74 

the  factors  h^  and  b^  are  unchanged.  This  reference  also  shows  that  the 
fat  tor  0.36  in  the  h factor  is  actually  1.2/n,  which  equals  0.3R.  Hence  the 


71.'.  See  reference  in  footnote  51,  n.  1432. 

/j.  P.  Collin,  Foundations  for  IHcrowave  Engineering.  *'.c<3raw-lii 1 1  Took  Co., 
Now  York ,  N.Y.  ,  n.  340. 

74.  See  reference  In  footnote  71,  pp.  572,  534-536. 
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susceptaneo  expression  hecones 


»a  -  -  -y1  U-(Wx)2ni-|  •  o.33(n/a)'1) 


(It- -72) 


Hie  power  transmission  coefficient  T  is  that  of  a  normalized  admittance 

/V  /V 

Y  *  1+|  !5  at  the  end  of  n  transmission  1  < **c .  Thus 
a  a 


1-1-1 R 


TP  ’  (1  +  t *ry  -  (1  +  i+r+irr-(2+iTr)‘ 


( l(>-7  31 


Typical  valuer  of  !’.  will  he  much  greater  than  two,  so  that 

a 


T  »  4/<R  2) 
P  a 


(16-7'.) 


The  external  onalitv  factor  n  can  he  found  directlv  in  terms  of  T  . 

ex2  n 

liv  the  previotF  <lef  ini  t  ion  0  =  i.<  V/  /P  .  In  the  case  of  the  rectangular 

ex/  r  s  rad 

beam  waveguide  resonator-antenna, 


2* f  r  /  (2r:  (x)sln(2nz/X)'"  dx  dv  dz 
r  o  v  n 


/  2  /  1  2 
r  /  /  -  F  (x)  dx  dv 

p  /  -  /  n  n 

/-ky 


(16-73' 


where  F  =  incident  electric  field 
n 


„  .  ?JI  JjA 

ex2  T  l/n 
p 


(16-76) 


Rut  X  =  c/f  al/(f*';i  c  ),  thus 
o  o 


0  -  2n/T 

ex2  p 


(16-77) 


which  aprees  with  an  expression  in  Jacobsen  for  an  ordinarv  waveguide  cavitv.'5 
i-ombiiilng  Fqs.  16-77,  74  and  72  gives  the  result 


7j.  See  reference  in  footnote  51,  p.  1432. 
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(lb-78) 


<U2  a2h2  ( 1- ( A  /A)2)  (1-  (2/3) (D/a) 3 *0. 38) 2 
c 


This  is  an  approximate  expression  for  the  Q  of  the  antenna  with  an  aperture 
of  closely  spaced  holes.  1 t  is  an  approximation  rather  than  an  equality  be¬ 
cause  the  aperture  does  not  open  onto  an  infinitely  long  parallel-plane  wave¬ 
guide.  With  this  Q  now  known  approximately,  the  value  of  may  be  calcu¬ 

lated  using  Kq .  16-11. 

The  effect  of  the  holes  on  the  resonant  frequency  is  easily  seen  by  noting 

that  15  in  Eq.  16-72  is  negative.  Then  according  to  Eq.  16-4  u  will  be  lowered 

r 

because  of  the  holes. 

The  second  method  of  calculating  Q  2  will  now  be  given.  The  first  step 
is  to  find  the  expression  for  the  line  source  of  dipole  moments  which  are  pro¬ 
duced  by  the  closely  spaced  holes.  Then  the  power  radiated  by  this  line  source 
is  found  and  finally  Qex2  *s  determined. 

The  strength  of  the  line  sound  Is  related  to  the  size  and  number  of 

*  76 

circular  holes.  Each  hole  has  the  magnetic  dipole  moment 


-  13- 

V  =  D  H 
m3  o 


(lb- 79) 


where  is  the  Incident  magnetic  field.  Now  the  electric  field  in  the  hole 
is  related  to  the  dipole  moment  per  unit  urea,  pm,  by22 


ili  *  mu  p  xu 
o  rm  z 


(16-8U) 


where  p  *  I*  / A 
rm  ra 


(16-81) 


Usually  the  arc.'  A  is  that  of  the  circular  hole.  However,  assume 
A  *  a  w 

where  a  is  the  hole  separation  as  before  and  w  is  some  unknown  width  in  v 


See  reference  in  footnote  71,  p.  301. 
G.  Goubau,  unpublished  notes. 
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over  which  the  dipole  moment  is  spread.  Then  there  exists  a  line  source  of 


value 


E  (x,y,0)  *  up  — r 

y\  .j.  /  hc  3aw 


for  |y  I  <  -w 


lyh  jw 


(16-83) 


Note  the  similarity  to  a  slot.  Since  here  the  width  w  is  of  ambiguous  value, 

a  way  is  sought  to  eliminate  it  from  the  determination  of  Q  ...  The  elimina- 

ex2 

tion  of  u  can  be  achieved  if  the  approximation  that  Ey  has  a  delta  function 
dependence  in  y  is  assumed.  Hence 


D3  ll„ 

y.x.y.U)  -  u,uo 


(Io-sa; 


This  equation  is  the  same  as  Eq.  16-83  for  w-*-0;  both  equations  have  the  same 
value  of  /  E  dy  »  voltage. 

y  y 

The  power  radiated  by  the  line  source  of  Eq.  16-84  can  be  calculated  by 
the  techniques  used  previously  for  the  slot.  The  radiated  field  strength  is 
given  by  Eq.  16-21: 


E  *  j(u  sin$  +u.cosOcos$)  — — —  I  I 
o  9  AK  y  j 


(16-83) 


where  1 


o  3a 


6 (y)  ejksi"0sin$y 


(16-8o) 


<—  2  2  2  2 
_  •'x  -k  sin  6cos  6/4u 

I  *  —  e  o 

x  u,, 


(16-87) 


utp  U  "’ll  /(3a) 
o  o 


(16-88) 


D  A  h  E  -jkK  r  2  2  2  2 

T_./  ,  _ „  o  ooc  wr  r  -k  sin  Ocos  <*/4u 

h  *  j'u  sin<H-u  cosOcos^) - = - — -  e  o 

n  v  jfl  A  K 


(10-89) 


where  K  is  the  incident  electric  field  of  the  n=»o  mode.  Equation  16-39 
o  1 
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describes  the  same  radiation  pattern  as  that  of  the  slot. 
Now  the  maximum  value  of  Eq.  16-89  is 
-jkR  ^ 

j.  *  i _  Ll  o  o  p 

max  AR  u  “  3a  o 
o 

Therefore 

')  c  K  2/g  e 

S  -  e  r  /n  -  - 2 - 2_2_  . 

max  |  max  .  2  , 2  n2  2 

9u  A  R  a 
o 

From  Eqs.  16-31  and  16-32, 


G  =  J5-V27  -  — 
P 


4nR  Sn 


(16-90) 


(16-91) 


3/2  2  2  6 

p  =  I _ ±aHL  Eq  P 

rad  i  2 

9/2  cu  A  a 
o 


(16-92) 


K°”  '!cx2  -  "rVrad’  s° 


“•'M1WW  >/2  /u 

-  _.y  ° _  o 


(16-93) 


Substituting  Eq.  16-92  into  Eq.  16-93  and  simplifying  gives  the  final  result 


a  =  2i3_.h?2 

6X2  2w2  D6 


(16-94) 


It  1.  interesting  to  conp.re  Eq.  16-94  with  tne  result  of  the  other  method. 
..<!•  16  78.  Equation  16-78  contains  more  factors  than  docs  Eq .  16-94,  but 
usin;;  the  fact  that  closely  spaced  holes  have  (D/a)»l,  both  equations  give 


%x2  -  <>;  »2  !J"6 


where  C(  is  a  function  of  A  and  1; 


(16-95) 


Uie  factor  h  agrees  witli  Kethc's  coupling  hole  theory  which  has  the  radiated 
power  proportional  to  ll6.73  The  factor  a2  cnn  be  eliminated  by  noting  that 

73.  See  reference  in  footnote  66,  p.  173. 
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toe  number  of  holes  N  in  the  line  source  of  Length  L  is 


N  -  L/a  (16-96) 

Thus  "  L2/N2,  so 

CE  L2 

Q**2  ’  7~7 

Hence  the  power  radiated  is  proportional  to  the  square  of  the  number  of 
holes  if  all  other  parameters  remain  constant. 

The  factor  Cp  in  Eq.  16-95  is  expressed  srmewhat  differently  by  Eqs. 

16-94  and  78.  This  difference  is  not  too  surprising  considering  the  dif¬ 
ferent  approximations  made  in  each  method.  The  next  section  will  compare 
actual  numerical  values  of  Qex2  calculated  from  these  two  equations.  The 
values  obtained  by  Eq.  16-94  snould  be  slightly  more  accurate  than  those  ob¬ 
tained  using  Eq.  16-78,  since  the  second  method  assumed  radiation  into  half 
space  rather  than  into  a  waveguide. 

XVII  EXPERIMENTAL  STUDY  OF  THE  RECTANGULAR 
BEAM  WAVEGUIDE  ANTENNA 

A.  Measurement  Apparatus  and  Techniques 

Two  measurement  techniques  were  used  to  investigate  the  experimental 
cavity-backed  antenna.  The  first  was  the  reflectometer  technique  discussed 
previously  in  section  XV.  The  second  technique  involved  measuring  the  radia¬ 
tion  pattern  of  tiie  antenna. 

Tiit  reflectometer  technique  is  applicable  because  it  was  shown  nreviousl'. 
that  the  cavity-backed  antenna  with  either  the  slot  or  the  hole  aperture  has 
an  equivalent  circuit  which  is  a  resonant  circuit.  In  section  XV  the  tech¬ 
nique  was  used  to  measure  the  Q  and  Q  of  the  closed  resonator.  For  the 

oo  o 

cavitv-backed  antenna  the  same  technique  was  used  to  measure  0  and  Q 

oor  or 
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these  measurements  were  always  made  with  the  probe  adjusted  for  critical 
coupling,  unless  otherwise  stated. 

The  antenna  radiation  pattern  measurements  were  made  in  a  chamber  which 
was  about  2  meters  wide,  4  meters  high,  and  8  meters  long.  The  entire  floor 
of  the  chamber,  as  well  as  the  walls  to  a  height  of  2.2  meters,  was  covered 
with  a  microwave  absorber.  The  rectangular  beam  waveguide  antenna,  with  its 
xz  plane  horizontal,  was  placed  on  a  1  meter  high  turntable  located  at  one 
oid  of  the  measuring  chamber  as  shown  in  Fig.  17-1.  To  preve  it  reflections 
off  of  tiie  front  of  the  table,  microwave  absorber  was  placed  over  it.  The 
antenna  with  the  probe  adjusted  for  critical  coupling  was  fed  by  a  klystron 
t.li rough  an  isolator. 

A  receiving,  horn  was  located  at  the  other  end  of  the  measuring  chamber 
some  six  meters  from  the  transmitter.  The  horn  was  aimed  at  the  transmitting 
antenna.  A  microwave  superheterodyne  receiver  was  used  as  a  detector. 

The  antenna  pattern  was  measured  by  using  a  precision  waveguide  attenuator 
located  at  the  input  of  the  receiver  to  maintain  a  constant  receiver  output 
while  the  rectangular  beam  waveguide  antenna  was  rotated  about  its  y  axis.  The 
angle  rotated  was  the  angle  0  of  Fig.  If -2,  measured  between  the  z  axis  and 
t lie  line  joining  the  transmitting  and  receiving  antennas.  The  radiation  pattern 
t noil  is  the  plot  of  the  measured  attenuation  at  the  receiver  versus  0.  The 
gain  was  measured  by  comparing  the  maximum  attenuation  required  at  the  receiver 
for  the  beam  waveguide  antenna  with  the  maximum  attenuation  required  when  the 
antenna  was  replaced  with  a  standard  gain  horn.  The  measured  gain  thus  included 
the  effects  of  losses  within  the  resonator. 

The  length  of  me  chamber  is  believed  to  be  adequate  for  radiation  field 
measurements.  This  adequacy  was  determined  by  evaluating  l!q.  lb-69  for  the 
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FIG.  17-].  ANTENNA  AND  TURNTABLE 


Fresnel  field.  Hie  distance  K  -  R  at  which  the  radiation  or  far  field  begins 

m 

can  be  calculated  from  Eq.  10-69  with  sin0cos4>  *  0.  Thus 

R  -  5kA/  (17-1) 

m  o 

l  -2 

For  the  experimental  antenna  u  ■  141  m  so  that  R  =  b.68  m.  ‘ilie  field 

o  m 

patterns  measured  in  the  chamber  were  raade  at  a  distance  of  six  meters  from 

the  antenna.  Although  the  measurements  were  made  at  a  distance  somewhat  less 

than  R  =  6.08  m. ,  the  measured  patterns  should  be  very  similar  to  the 
m 

tiieoretical  radiation  field  pattern. 

Certain  imperfections  existed  in  the  pattern  measuring  arrangement.  These 
consisted  mainly  of  reflections  from  the  walls  of  the  measuring  chamber  and 
leakage  from  the  waveguide  system.  It  appears  that  the  measurements  are  reli¬ 
able  to  levels  of  35  or  40  db  below  the  expected  pattern  maximums.  A  better 
chamber  would  he  needed  if  greater  accuracy  were  required. 

B.  Slot  Aperture 

1.  Uesign  and  Fabrication 

The  fabrication  of  the  rectangular  beam  waveguide  antenna  was  achieved  by 
modifying  the  experimental  resonator  of  section  XV.  The  original  resonator 
was  fabricated  witli  a  removable  wall  at  the  z  =  0  plane.  This  wall  or  plate 
was  a  brass  strip  1/4"  x  1  1/8"  x  30"  and  was  held  in  place  by  80  screws.  To 
make  the  resonator  into  an  antenna  the  solid  wall  had  to  be  removed  and  replaced 
with  a  thinner  brass  strip  with  coupling  apertures  in  it  such  as  holes  or  a  slot. 
The  cross-section  of  this  new  wall  in  which  the  coupling  apertures  were  placed 
as  shown  in  Fig.  17-2.  Also  shewn  are  brass  flares  which  can  be  attached  if 
desired.  The  flares  extend  in  x  from  x  =  -12"  to  +12".  The  thickness  of  the 
z=(J  wall  in  the  region  where  the  slot  or  holes  were  cut  was  0.023"  and  extended 
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the  full  length  of  the  x  axis  of  the  resonator  It  was  hoped  that  the  wall 
thickness  of  0.025"  would  be  thin  enough  to  approximate  the  infinitely  thin 
wall  assumed  in  the  previous  section.  The  new  wall  was  also  held  in  place  with 
60  flat  head  screws  extending  from  x  *  -15"  to  x  ■  +15". 

Hie  first  slot  antenna  was  made  by  sawing  a  slot  from  x  ■  -12"  to  x  *  +12" 
of  nominal  width  w  =«  0.018".  The  sawing  was  done  after  the  wall  had  been  at¬ 
tached  to  the  resonator  with  the  80  screws,  since  screwing  down  the  wall  after 
sawing  the  slot  could  result  in  stretching  the  slot  width  in  places.  All  burrs 
were  removed  with  a  file  while  the  wall  was  still  attached  with  the  screws. 
Ideally,  the  slot  should  then  occupy  the  area  from  y  *  0.009"  to  +0.009"  and 
from  x  =  -12"  to  +12".  In  fact,  however,  the  y  boundaries  of  the  carefully 
machined  slot  were  somewhat  in  error.  This  error  was  due  to  two  causes.  First, 
the  saw  wandered  off  the  x  axis  as  it  cut,  producing  a  very  slightly  crooked 
line  which  wanders  a  few  thousandths  of  an  inch  off  the  x  axis.  Secondly,  the 
width  of  the  slot  was  not  0.013"  but  0.018"  t  0.002".  That  is,  the  width  was 
nonuniform,  varying  by  as  much  as  i  0.002"  along  the  length  of  the  slot.  This 
slight  nonuniformity  is  undesirable  since  it  could  conceivably  pertum  the  radi¬ 
ation  pattern. 

A  second  slot  antenna  was  later  made  by  removing  the  z  *  0  wall  of  the 
first  slot  antenna  and  replacing  it  with  a  similar  wall  that  had  a  slot  cut  in 
it  which  had  a  width  of  0.010".  The  width  of  the  0.010"  slot  varied  by  ±  0.002" 
.ilonj’,  its  length.  This  is  a  variation  of  ^  20%,  larger  than  that  of  the  0.013" 
slot.  The  two  walls  wi th  the  slots  are  shown  in  the  photograph  of  Fig.  17-3. 

Hie  0.010"  slot  width  was  the  smallest  that  could  be  machined,  since  narrower 
saws  broke  while  sawing. 
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WALLS  WITH  A  SLOT  OR  HOLES 


r- — 0 f  Measurements 

■n,o  »lo.  antenna  with  w  -  0.018”  was  the  first  to  be  tested.  It  wee  at¬ 
tached  to  the  reflectometer  apparatus  end  the  probe  depth  was  adjusted  for 
critical  coupling  for  the  „  .  o  node.  Then  the  quality  factor,  listed  in 
™.le  .7-1  were  censured,  bote  that  the  use  of  the  optional  brass  flares  of 
""  17-1  had  little  effect  on  the  Q's.  The  purpose  of  the  flares  was  to  in¬ 
troduce  directivity  in  the  yr  plane  end  thereby  to  raise  the  antenna  gain. 

antC""a  “d  radI“!<'"  «»•  the  slot  with  „  .  0.018"  were 

measured  at  the  resonant  frequency  of  the  „  .  0  „„de.  total  censured  eai„ 

oas  db  without  the  flares  end  db  with  the  optional  flares  in  piece. 

Hie  radiation  patterns  arc  shown  in  Fig.  17-4. 

ie  theoretical  0^  of  the  antenna  was  previously  calculated  and  resulted 
In  a  value  of  .  52.  The  experimental  values  of  150  and  160  in  the  Table 
are  about  three  times  as  large  as  the  theoretical  value.  ,he  antenna  slot 
coupling  wall  was  about  0.02*  thick  so  that  this  dimension  was  even  greater 
Chan  the  slot  width  w  .  0.018”.  Thu,  the  action  used  in  the  theory  of 

having  -  infinite, y  thin  slot  wall  1.  not  y.iid  for  tlle  experimental  antenna. 

A  thick  slot  wall  would  tend  to  increase  Q  and  thi*  u  k 

^oor  this  was  borne  out  by  the 

measurements. 

The  experimental  radiation  patterns  of  Fig.  do  not  agree  with  the 
theoretical  Caussian  radiation  pattern  of  the  mode.  The  dotted  line  f„  K1g 

1?'4  Si“'”S  “*  CaUUl*ted  "  *:°te  Chat  there  is  agreement 

only  over  the  range  |«|  <  7°.  For  lei  >  7»  tho 

1,7  the  experimental  patterns  are  poor. 

"iis  is  possibly  due  to  the  following  reasons: 

-sc,  the  antenna  cavity  may  contain  fields  that  have  a  small  n-1  exponent 
aJ"U,0n  “  "°d“-  stem,  irem  the  overlap  of  the 
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OrA-Port 

Resonator 

0.010"  Slot 
with  Flares 

0.018"  Slot 
No  Flares 

0.018"  Slot 
With  Flares 

Resonant 

Frequency 

f  ,  GHz 
n-o 

8.975 

9.342 

9.375 

9.380 

Loaded  Q 
for  critical 
coupling 

1620 

110* 

80* 

90* 

Unloaded 

Uncoupled 

Q 

3200 

200* 

160* 

170* 

Unloaded 
but  Coupled 

Q 

3120 

190* 

150* 

160* 

Probe  depth 
for  critical 
coupling 

about 

1  am. 

about 

5  me. 

about 

about 

6  ma. 

*  Accuracy  In  doubc  since  Q's  are  so  low  that 
observed  reflecdon  pattern  from  antenna  input 
has  an  n«o  resonance  so  broad  that  it  apparent¬ 
ly  overlaps  somewhat  into  the  n"l  resonance. 


TABLE  17-1 

MEASURED  VALUES  OF  Q  FOR  THE  SLOT  ANTENNA 
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DEGREES 


FIG. 17-4.  RADIATION  PATTERNS  OF  THE  SLOT  ANTENNA 


and  nMl  resonance  curves  and  is  due  to  the  low  Q's  listed  in  Table  17-1. 

lltus  exciting  the  antenna  at  f  produces  fields  of  the  n»o  mode  with  the 

addition  of  small  amplitude  fields  of  the  n«l  mode.  The  exciting  probe  is  at 
position  x  ■  0  and  should  theoretically  not  excite  the  n*l  mode  at  any  frequency. 
However  in  section  XV  it  was  shown  that  asymmetry  .n  the  machined  resonator  al¬ 
lowed  some  excitation  of  the  n“l  mode.  If  the  Q's  of  the  antenna  could  somehow 
be  raised,  thereby  lessening  the  mode  overlap,  this  multimoding  and  the  corres¬ 
ponding  degradation  of  the  radiation  pattern  would  be  eliminated. 

Another  reason  for  the  poor  radiation  patterns  may  stem  directly  from  the 

fact  that  the  Q's  were  very  much  less  than  those  of  the  closed  resonator.  The 

beam  modes  were  originally  derived  for  a  resonator  with  enclosed  walls  of  per¬ 
fect  conductors.  The  use  of  finite  high  conductivity  walls  should  not  perturb 
the  fields  very  much,  nor  will  the  introduction  of  a  small  coupling  probe. 
However,  introducing  slot  coupling  so  large  in  magnitude  that  QQOr  is  reduced 
to  160  may  allow  resonator  fields  other  than  beam  modes  to  exist. 

Since  the  slot  width  w  ■  0.018"  produced  low  Q's  and  a  poor  radiation  pat¬ 
tern,  it  was  decided  to  test  the  slot  antenna  with  w  -  0.010".  The  measured  Q's 
are  listed  in  Table  17-1.  Ncte  that  they  are  each  slightly  higher  than  those  ob¬ 
tained  with  w  «*  0.018"  and  hence  agree  with  theory. 

The  radiation  pattern  of  the  slot  with  w  ■  0.010"  was  not  significantly 
changed  from  that  of  the  slot  with  w  -  0.018".  The  reason  for  the  lack  of  im¬ 
provement  is  evidently  that  the  slight  increase  in  the  Q's  was  offset  by  the 
nonuniformlty  of  *  0.002"  in  the  machined  slot  width. 

In  conclusion,  the  slot  aperture  has  too  large  a  transmission  coefficient 
for  the  size  slot  widths  that  can  be  machined  accurately  •  Only  slots  of 
width  greater  than  about  0.018"  can  be  machined  accurately,  however  such  widths 
transmit  so  much  power  that  the  Q  of  the  resonator  is  drastically  reduced.  The 
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very  low  Q  results  In  a  poor  radiation  pattern.  Hence  another  type  of  aperture 
coupling  must  be  used  that  lias  a  lower  transmission  coefficient.  Therefore  an 
aperture  made  up  of  circular  holes  was  investigated  experimentally. 

C.  Aperture  of  Closely  Spaced  Holes 
1.  Design  and  Fabrication 

The  design  of  the  iv  le  apertures  consists  of  choosing  a  hole  diameter  which 
uiil  result  in  reasonably  high  values  of  antenna  efficiency  and  Q's.  if  the 
holes  can  be  machined  accurately  then  the  anerture  should  yield  a  better  antenna 
pattern  than  does  the  slot  antenna. 

The  theory  given  in  the  previous  section  of  this  report  predicts  the  extern¬ 
al  Q's  for  an  antenna  with  holes  of  constant  diameter  closely  spaced  along  the  x 
axis.  The  value  of  Q  ^  I3  determined  either  by  Eq.  16-78  or  16-94.  Equation 
16-94  is  probably  more  accurate.  Thus  substituting  h  ■  0.98  cm  and  X  *  3.33  cm 
in  Eq.  16-94  results  in 

C)  2  =  (16*5  x  10  ®  meters^)  a^  D  ^  (17-2) 

For  example  let  D  *  0.15"  ■  0.381  x  10  ^  m.  and  a  •  0.175"  ■  0.445  x  10  ^  m. 

f.ucii  holes  can  be  accurately  drilled.  Then  Q  2  from  Eq.  1.7-2  is  1,090.  This 

value  is  useful  and  reasonable.  It  is  much  greater  than  the  53  calculated  for 

the  slot  and  hence  should  produce  a  better  radiation  pattern  than  did  the  slot. 

Also,  since  it  is  much  less  than  Q  ■  3300  for  the  closed  resonator,  the  an- 

oo 

tenna  efficiency  should  not  be  too  much  less  than  unity.  Hence  the  diameter 
0  »  0.15"  and  spacing  a  *  0.175"  were  chosen  for  the  antenna.  The  corresponding 
Q  2  J>iven  hy  Eq.  16-78  is  70%  of  that  given  by  Eq.  17-2,  and  this  percentage 
holds  for  all  antennas  with  the  ratio  (0/a)  *  15/17.5  *  0.85.  From  now  on  the 
theoretical  Q  will  be  assumed  tc  be  that  given  by  Eq.  17-2. 

Hu:  fabrication  o'  the  antenna  consists  of  drilling  the  holes  along  the  x 
axis  of  a  brass  wall  of  the  type  shown  previously  in  Fig.  17-2.  The  wall  is 
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then  attached  to  the  experimental  resonator  using  screws  every  half  wavelength 
along  the  x  direction.  Since  the.  aperture  holes  have  diameter  D  ■  0.150"  and 
separation  a  ■  0.175",  the  separation  between  the  outer  edges  of  the  holes  was 
0.025".  This  separation  was  small  enough  to  be  considered  close  spacing  yet 
large  enough  to  prevent  buckling  or  deformation  of  the  metal  between  the  holes 
when  they  were  drilled.  The  first  hole  was  drilled  at  x  »  0  and  then  the  other 
holes  were  drilled  in  both  the  +x  and  the  -x  directions  along  the  30  inch 
length  of  the  aperture  wall.  Hence  the  centers  of  the  holes  were  placed  at 
x  *  0,  i  0.175",  *  0.250",...,  *  14.875".  All  holes  were  carefully  drilled  and 
all  burrs  were  carefully  removed. 

TVo  other  similar  antenna  walls  were  also  made.  One  had  holes  of  diameter 
0  -  0.10",  the  other  D  *  0.175".  Both  had  0.025"  separation  between  the  edges 
of  the  holes,  so  that  a  in  Eq.  17-2  was  0.125"  and  0.200"  respectively.  The 
wall  with  D  «  0.10"  was  of  the  same  outer  dimensions  as  shown  previously  in 
Fig.  17-2.  However,  the  wall  with  L>  «  0.175"  was  made  out  of  a  large  sheet  of 
brass  in  order  to  approximate  a  full  ground  plane.  The.  brass  sheet  extended 
to  y  ■  +  2  1/2"  and  -  2  1/2"  instead  of  the  *  9/16"  of  Fig.  17-2. 

In  addition  to  the  above  three  walls  with  closely  spaced  holes,  a  few 
walls  with  smaller  holes  spaced  relatively  far  apart  were  also  made.  No  design 
of  such  apertures  is  possible  since  no  theory  for  holes  other  than  closely 
spaced  ones  has  been  devised.  A  wall  with  holes  spaced  closely  -•nd  another  with 
holes  spaced  far  apart  are  shown  in  Fig.  17-3. 

2.  Results  of  Measurements 

Measurements  on  the  antenna  with  hole  apertures  consisted  of  determining 
the  Q's  and  the  radiation  pattern.  Data  on  apertures  using  three  different  dia¬ 
meter  holes  was  obtained. 
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Table  17-11  lists  the  Q's  measured  with  the  reflectometer  for  three 

antennas  with  closely  spaced  holes  excited  with  the  n«o  node.  Also  listed 

are  the  theoretical  values  of  Q  calculated  using  Eqs.  17-2  and  16-11. 

oor 

The  agreement  between  the  theoretical  and  experiaental  values  is  good  except 
for  the  case  D  -  0.100".  This  discrepancy  may  be  due  to  possible  increased 
ohmic  losses  around  the  holes  and  will  be  discussed  at  the  end  of  this  section. 

Figure  17-5  shows  the  experimental  radiation  patterns  for  the  cases  D  - 
0.10"  and  D  -  0.15".  Note  that  the  experimental  data  points  all  lie  very  close 
to  the  theoretical  curve  of  Eq.  16-61.  In  addition  the  experimental  patterns 
were  very  smooth  between  the  data  points,  as  was  observed  by  rotating  the 
antenna  while  watching  thi  receiver  output.  Thus  the  experimental  and  theoretical 
curves  coincide,  at  least  down  to  about  -30  db.  Below  this  level  the  accuracy 
of  the  measurements  is  doubtful  as  was  explained  earlier.  In  summary,  over 
the  range  of  accurate  measurement  the  measured  and  theoretical  patterns  are  in 
excellent  agreement. 

The  measured  total  gains,  G^,  were  11.0  db  for  D  •  0.150"  and  7.6  db  for 
0  -  0.100".  The  theoretical  gains  are  calculated  by  first  finding  the  efficiency 
T  from  16-12  using  the  measured  0  values  of  Table  17-11.  The  calculations  give 
T  -  -2.34  db  for  D  -  0.10",  and  T  -1.40  db  for  D  -  0.15".  Now  GT  db  -  G  db  + 
r  db.  The  value  of  G  is  14.0  db  according  to  Eq.  16-31,  but  this  equation  was 
derived  under  the  assumption  of  an  Infinite  ground  plane.  Experimentally  only  a 
partial  ground  plane  was  present.  Hence  some  radiation  could  exist  for  z<0. 

Thus  the  theoretical  or  calculated  value  of  G  for  this  case  must  be  less  than  14.0 
db  by  perhaps  1  or  2  db  but  not  by  as  much  as  3  db  since  this  would  imply  equal 
radiated  power  in  both  half  planes,  i.e.,  in  the  z<0  as  well  as  z>0  directions. 

If  an  estimated  value  of  G  •  12.5  db  is  used  then  G^  becomes  10.1  db  for  D  ■  0.10" 
and  11.1  db  for  D  •  0.15". 

Hie  measured  value  of  G^,  ■  11.0  db  for  D  ■  0.150"  is  in  good  agreement  with  the 
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MEASURED  VALUES  OF  Q  FOR  ANTENNAS  WITH  CLOSELY  SPACED  HOLES 


theoretical  value  of  11.1  db.  The  oeaaured  value  of  *  7.6  db  for  0  ■ 

0.100"  Is  somewhat  low  compared  to  the  theoretical  value  of  10.1  db. 

A  wall  with  hole  dicmeters  D  ■  0.150"  was  fabricated  which  extended  to 
y  ■  t  2  1/2".  Measurements  for  the  resulting  antenna  with  this  larger  ground 
plane  are  listed  in  Table  17-11.  The  Q's  are  slightly  higher  than  those  of 
the  previous  antenna  with  D  ■  0.150",  perhaps  due  to  better  cleaning  of  the 
brass.  As  expected  its  radiation  pattern  was  very  similar  to  that  of  Fig.  17-5. 
Note,  however,  that  the  measured  gain  increased  by  1.0  db  because  of  the  larger 
ground  plane. 

Figure  17-6  shows  the  experimental  radiation  pattern  for  the  case  D  -  0.175". 
Note  that  for  | ©  j  <9 *  the  experimental  values  agree  with  the  theoretical  Gaussian 
pattern,  but  for  | 0 | >9*  the  experimental  pattern  does  not  drop  off  as  rapidly  as 
the  Gaussian.  According  to  Table  17-11,  Qoor  "  620  and  is  evidently  low  enough 
to  cause  deterioration  of  the  pattern. 

The  measured  total  gain  GT  was  13. A  db.  Since  in  this  case  the  wall  ap¬ 
proximated  a  full  ground  plane  by  extending  to  y  ■  *  2  1/2",  the  theoretical  total 
gain  is  G^  -  1A.0  db  +  T  db.  The  value  of  T  is  -1.0  db  using  the  measured  Q's 
of  Table  17-11  in  Eq.  16-12.  The  resulting  G^  is  therefore  13.0  db,  which 
agrees  well  with  the  measured  value  of  13. A  db. 

In  conclusion,  the  theoretical  Gaussian  pattern  was  successfully  achieved 
with  an  antenna  using  closely  spaced  boles  and  which  had  a  Qoor  >  800,  correspond¬ 
ing  to  efficiency  T  *  -1.4  or  more  decibels.  Th*  best  value  of  Q  is  about 

oor 

800  since  the  Gaussian  pattern  is  then  produced  with  maximum  efficiency. 

Though  the  antenna  of  closely  spaced  hoi'**  periods  success  ully,  a  brief 
study  of  hole  apertures  which  ace  not  closely  spaced  was  aiao  made.  The  spacing 
chosen  was  a  ■  1/8",  and  hole  diameters  were  varied  from  0.022"  to  0.100".  It 

waa  found  that  the  values  of  Q  and  total  gain  G_  were  in  general  too  low  to 

oor  T 

allow  measurement  of  radiation  patterns. 
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RELATIVE  RESPONSE 
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A  possible  explanation  for  the  low  Q  at,  for  example,  i>  =  0.0225"  is 

oor 

that  the  oamic  losses  around  the  holes  are  large.  To  investigate  this  explana¬ 
tion,  another  z  *  0  w.,11  was  made,  but  instead  of  coupling  holes  indentations 
of  depth  0.025"  and  diameter  0.0225"  were  drilled  every  1/8"  along  the  inside 

of  the  wall.  The  measured  Q  was  2620,  which  indicates  somewhat  greater  o.'.mic 

oo 

loss  than  for  the  closed  resonator  of  section  XV,  which  had  a  0  =  3300.  Thus 

oo 

the  assumption  that  holes  do  not  alter  the  ohmic  loss  is  only  approximately  true. 

Since  the  ohmic  loss  for  D  *  0.0225"  is  not  large  enough  to  explain  the  low 
value  QQOr  *  1070,  the  radiated  power  must  be  large  for  this  particular  diameter. 
An  experimental  probing  of  the  radiated  field  showed  strong  maxima  along  the  +x 
and  -x  axes,  indicating  the  presence  of  surface  waves.  Evidently  these  surface 
waves  are  produced  by  the  widely  spaced  holes  and  couple  strongly  to  the  interna', 
resonator  field  to  give  the  low  Q.  Thus  widely  spaced  holes  do  not  give  desir¬ 
able  results. 

To  summarize  this  section,  it  has  been  shown  experimentally  that  closely 
spaced  circular  holes  produce  the  Gaussian  radiation  pattern  with  good  efficiency. 
The  slot  apeiture  was  not  as  successful  because  a  sufficiently  narrow  siot  could 
not  be  machined.  Therefore,  a  practical  rectangular  beam  waveguide  antenna  can 
be  constructed  by  drilling  closely  spaced  circular  holes  along  the  x  axis  of 
the  rectangular  beam  waveguide  resonator. 

XVIH.  THi:  Kt;CTA\Gl.LAK  BEAM  WAVEGUIDE  MONOP  ELSE  AMK.NNA 

A.  Ifse  of  n*l  and  n**o  Modes  for  Monopulse  Antenna  • 

The  n*l  and  n*o  modes  of  the  rectangular  beam  waveguiue  antenna  ha\e  pos¬ 
sible  application  in  mononnlsp  radar  and  tracking  systems.  To  investigate 
application  a  brief  description  of  the  antenna  requiremer.l  s  of  monopulsc  radar 
will  be  helpful. 
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A  monopulse  rad^r  antenna  sends  out  a  single  pulse  of  radiation  aimed  in 
the  vicinity  of  a  target  object.  The  pulse  reflected  by  the  object  is  then 
received  by  the  monopulse  antenna.  The  monopulse  antenna  performs  the  special 
function  of  indicating  the  range  and  angular  position  of  the  object  on  the  basis 
of  the  single  pulse. 

A  monopulse  radar  antenna  can  also  be  U3ed  in  tracking  a  continuous  signal 
source  instead  of  a  radar  pulse.  The  antenna  indicates  the  angle  8  from  which 
the  received  radiation  i3  emanating.  Hence  moncpulse  antennas  also  have  ap¬ 
plications  in  radio  astronomy  and  satellite  communication. 

The  monopulse  antenna  as  first  developed  consisted  of  a  pair  of  identical 
regular  waveguide  horns  aimed  in  slightly  different  directions.  The  horns  were 
connected  to  two  different  ports  of  a  hybrid  tee  junction  and  the  remaining  two 
ports  of  the  junction  then  simultaneously  contained  microwave  signals  that  were 
the  sum  and  the  difference  of  the  horn  signals.  The  sum  pattern  is  an  antenna 
field  strength  pattern  which  is  a  symmetric  or  even  function  of  0.  The  dif¬ 
ference  signal  corresponds  to  an  antisymmetric  or  odd  field  strength  pattern. 

Both  symmetric  and  antisymmetric  field  strength  patterns  are  required  of 

any  monopulsc  antenna.  In  1962  Wheeler  proposed  two  theoretical  antenna  field 

79 

strength  patterns  as  an  ideal  pair  for  raonopulse  radar.  The  proposed  symmetric 

field  strengtli  pattern  was  the  Gaussian  pattern  produced  by  the  Gaussian  line 

2  2 
— u  X 

source  distribution  F.®e  o  .  The  antisymmetric  field  strength  pattern  proposed 

was  the  derivative  of  a  Gaussian  produced  by  the  line  source  distribution 

2  2 
— u  x 

l>x  e  o  .  However,  these  two  line  source  distributions  have  not  been  physical¬ 
ly  realizable  un  to  now.  Only  sinusoidal  approximations  to  these  distributions'^ 

7'*.  H.  A.  Uhceler,  "Antenna  Beam  Patterns  which  Retain  Shape  with  Defocusing 
I.R.K.  Trans,  on  Ant.  &  Prop.,  vol.  AP-10,  Sept.  1962,  pp.  57J-5SO. 

J’.O.  II.  W.  Rcdlicn,  "Monopulsc  Operation  with  Continouslv  Variable  Heamwidth  by 
Antenna  he  focusing ,"  IKKK  Trans,  on  Antennas  and  Propagation,  vol.  AP-16, 
July,  1963,  pp.  615-423. 
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have  been  available. 


The  two  proposed  line  source  distributions  are  identical  to  those  of  the 

n«o  and  n«l  modes  of  the  rectangular  beam  waveguide  antenna.  The  n*o  mode  line 

2  2 
— u  X 

source  distribution  K“e  o  was  shown  in  section  XVI  to  produce  the  Gaussian 

2  2  2 

symmetric  field  strength  pattern  E(8)  -  constant  •  c  ^  S*'’  ®^uo.  The  n«l  mode 

2  2 
— u  x 

has  the  line  source  distribution  E«x  e  o  and  produces  the  antisymmetric  field 
strength  pattern. 

To  operate  a  monopulse  system  using  the  rectangular  beam  waveguide  antenna, 
two  such  antennas  would  be  needed.  One  antenna  must  have  the  resonant  frequency 
of  its  n*o  mode,  f  ,  equal  to  the  desired  operating  frequency.  The  other  an¬ 
tenna  must  have  its  fn=^  equal  to  the  same  operating  frequency  f  .  The  anten¬ 
nas  must  be  oriented  with  both  z  ■  0  aperture  walls  facing  in  the  same  direction. 
The  distance  between  the  two  antennas  should  be  small  enough  so  that  the  angle 
9  measured  from  either  of  their  z  axes  to  any  target  object  is  approximately 
the  same.  But  the  two  antennas  should  be  spaced  apart  by  perhaps  a  meter  or  so 
to  minimize  possible  mutual  coupling. 

B.  Theory  of  Antenna  Excited  in  n»l  Mode 
Hie  derivation  of  the  radiation  pattern  of  the  antenna  excited  in  the  n«l 
mode  will  be  similar  to  that  used  for  the  n«o  mode  and  carried  out  in  section 
XVI.  The  field  incident  on  the  aperture  of  the  antenna  for  the  n«l  mode  is, 

_  2  2 

E  *  u  E.  He,  (2u  x)  e  UoX  (lb-1) 

y  1  1  o 

but  He,  (2u  x)  *  2u  x,  giving 
1  o  o 

2  2 

E  -  u  K2u  x  e”UoX  (IB-2) 

y  1  o 

Now  using  the  Fourier  transform  technique,  the  radiated  field  strength  for  the 
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case  of  a  slot  aperture  excited  in  the  n-1  node  Is, 

_  -jkR 

E  *  j(uQsln*fiy:oBOcos+)£— -  Ejl 


(18-3) 


whe  re  I 

y 


►'TwA/n 


2  2 

2U  xe“UoX  +Jkalnecost(ix 
o 


dx 


(18-4) 


Th*  coordinates  and  symbols  are  those  used  In  the  previous  derivation.  Now 

Lxl  can  be  evaluated  without  difficulty  when  L  — . 

8 

Then 


a-1"./ 

y  —co 


-Uqx  +jksin0cos$x 


dx 


From  a  table  of  Fourier  transforms81 

jh*> 

c 2 


jfo'’ef  it  .  .  g8-3/2  ,-»gV6 


Let  Trp»uo,  f*x,  and  2xrg«ksin0cos$.  Then 

2u  ,  3/2  ?  9 

I  .  -  ~  |^ksin6cos#T  j^_-(kslnflcosa^/4i/ 


xl  j 


2mT 


or 


Xxl  "  i  ^  ~2  slnOcos^e"k2sin20cos2^/4uo 


(18-5) 


(16-6) 


(18-7) 


(1 8-8) 


Therefore 

—  —  _  -jkk  2  2  2  2 

L  -  (-Ubsin4--u^cos0cos*)  E^TVA/w  •  ,7  sin0cosOe“k  sin  °cos  */4u0 

u 

Fov  the  case  $«(),  °  (18-9) 


81.  G.  Campbell  and 
D.  Van  Nostrand 


R. 

Co. 


Foster,  Fourier  Integrals  for 
.  New  York,  N.Y.,  1948,  pp.  9, 


Practical  Applications 
“34,  81. - 
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value  S(Mit  for  the  ^  „  fnm  ^  l6.} 


s 


E2  Tw 
o 


max  n=0  ,  2  ) 

nAu  r 

O 


Now  for  the  n=l  mode  the  maximum  value  of  S  in  Eq.  18-11  can  be  found 
ting  the  derivative  of  S  with  respect  to  6  equal  to  zero.  Thus. 


lcos20sin20e“k2sin20/2uo] 


-  C 


0=0 


max 


Since  the  rang,  of  interest  „£  6  is  |9|<8*  where  typically  |e  I <Q» 

max  * 

can  be  amplified  by  nslng  the  approbation  that  cosVl.  Then 
■A  [sin20e-k  sin20/2u? 


°] 


-  0 


0=0 


max 


2 

Sln  Rmax[~  2  Si°  0maxCOS0max^  +  2sin0  cos0  .  s  0 


or 


2u 

o 

■)  2u^ 

sin  0  aJ — 2. 
max  .  2 
k 


max  max 


Then  becomes 

max 


E2Iwk2 


Smax  n=l  ,  4  2  2  ^Uo^k  )e 

nAu  ° 

o 

or  ->p2 

S  =  L± -  "I 

max  n=l  ,  2  2  e 

nAu  R 
o 

■n>e  gain  for  the  n-1  mode  is  from  Eq. 18-17, 

Gn=l  *  2e_lG__ra  =  0.726G  =  JL  JTZ  „“1 

“~u  n=U  Au  " 


(18-18) 
by  set- 

(18-19) 

Eq.  18-19 

(18-20) 

(18-21) 

(18-22) 

(18-23) 

(18-2-4 ) 
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where  the  value  of  (i  was  given  previously  by  Eq.  16-31.  Stated  In  decibels 

n=o 

lin-l(db>  "  'Vo(dh)  ~  1,4  db  (18.25) 

These  theoretical  calculations  for  antenna  pattern  and  gain  are  based  on 
the  assumption  that  the  slot  length  L  is  infinite.  A  finite  length  slot  would 
result  in  side  lobes  in  the  pattern  just  as  occurs  for  the  case  of  the  n*o  mode. 
The  gain  should  be  relatively  unchanged  when  making  Lg  a  finite  but  reasonable 
length. 

C.  Excitation  of  n-1  Mode  by  One  Probe 

The  antenna  with  D  -  0.150  inches  and  described  in  section  XVI  of  this 
report  was  used  to  test  the  theory  of  the  n-1  mode  excitation.  The  exciting 
probe  was  placed  at  the  point  in  the  resonator  where  the  field  strength  is  a 
maximum  for  the  n-1  mode.  This  was  accomplished  by  drilling  and  tapping  a  new 
hole  in  the  antenna  resonator  at  x  -  2.34  inches  and  z  -  -0.328  Inches.  A 
brass  plug  was  inserted  in  the  original  probe  coupling  hole  at  x  •  0.  The 
probe  in  its  new  position  was  adjusted  to  the  proper  depth  to  obtain  critical 

coupling  for  the  n-1  mode  at  a  frequency  f  ^  “  8.963  GHz. 

The  preliminary  radiation  pattern  measured  at  8.963  GHz  is  shown  in  Fig. 
18-1.  The  theoretical  or  calculated  pattern  given  by  Eq.  18-11  is  shown  also 
in  Fig.  18-1.  Hie  agreement  between  measured  and  calculated  values  is  excel¬ 
lent  for  the  range  0<Oe  but  only  fair  for  the  range  0>O*.  A  possible  reason 

for  the  asymmetry  of  the  measured  pattern  is  that  the  n«o  mode  may  have  been 
excited  along  with  the  n-1  mode. 

The  total  gain  G^  of  the  antenna  was  also  measured.  The  gain  was  9  db 
at  the  peak  of  the  pattern  which  occurred  at  0  »  -5*.  The  theoretical  total 
gain  is  G^,(db)  -  11.1-1.4  ■  9.7  db.  The  calculated  and  measured  gains  at 
0  *  -5*  are  in  good  agreement. 
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—  “  luttoreiic&i 
O-  =  experimental 


FIG.  18-1.  RADIATION  PATTERN  OF  ANTENNA  EXCITED  IN  THE  n=l  MODE 


Probe  at  x  *  +  2.34 
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It  was  decided  to  place  the  probe  on  the  other  side  of  the  antenna,  that 
is ,  at  x  -  -2.34".  The  hole  at  x  -  +2.34"  was  closed  with  a  brass  bolt.  The 
probe  at  x  ■  -2.34"  was  adjusted  for  critical  coupling  to  the  n-1  mode  as  in¬ 
dicated  in  Table  18-1.  The  resulting  radiation  pattern  is  shown  in  Fig.  18-2. 
Note  that  this  pattern  is  almost  Che  mirror  image  of  the  pattern  of  Fig.  18-1, 
that  is,  the  new  pattern  is  asymmetric  with  its  maximum  at  6  -  +5*.  The  probe 
placement  evidently  determines  the  kind  of  asymmetry  obtained.  Note  also  that 
for  both  probe  placements  the  minimum  at  6 ■  0  in  Figs.  18-1  and  18-2  is  ap¬ 
proximately  -20  db.  Theoretically  the  value  should  be  -«*  db. 

A  possible  explanation  for  the  difference  between  the  measured  and  theor¬ 
etical  n-1  radiation  patterns  is  that  other  modes  are  present  in  the  resonator. 
In  particular  the  n-o  and  n-2  modes  may  be  present  due  to  the  closeness  of  their 
resonant  frequencies  to  f  ..  Figure  18-3a  is  a  sketch  of  the  n-o,  n-1,  and 
n-2  modes  on  a  reflectometer  display  of  the  power  reflected  by  a  single  probe 
at  x  -  *  2.34".  The  probe  has  the  depth  for  critical  coupling  to  the  n-1 
■ode,  and  the  n-o  and  n-2  modes  are  therefore  undercoupled.  The  n-o  and  2  modes 
are  only  moderately  undercoupled,  however.  The  loaded  Q,  Q^,  determines  the  de¬ 
gree  to  which  the  n-o  and  2  mode  reflectometer  curves  overlap  onto  the  n-1 
curve.  If  is  high  then  the  n-o  and  n-2  response  curves  do  not  extend 
much  at  all  toward  the  frequency  fR_^  on  the  reflectometer  display.  However, 

tor  the  antenna  studied  here  Q.  is  on  the  order  of  one  half  of  Q  or 

L  oor 

1/2  •  1000  -  500  and  thus  the  Q  curves  overlap  slightly  as  sketched  in  Fig. 
18-3a.  Therefore,  setting  f  «  will  exrite  not  only  the  n-1  mode  but  also 

to  some  extent  the  n-o  and  n-2  modes. 
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ANTENNA  OPERATING  IN  THE  n-1  MODE  EXCITED  BY  ONE  PROBE 


RELATIVE  RESPONSE 


FIG.  18-2  RADIATION  PATTERN  OF  ANTENNA 
EXCITED  IN  THE  n  =  1  MODE 
Probe  at  x  =  ~2.  34" 
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a)  Reflectometer  Display  for  a  Probe  at  x  =  +  2. 3 


b)  Radiated  Fields  of  n  =  0  and  n  =  1  Modes 


FIG.  18-3  ADDITION  OF  n  =  1  and  n  =  0  MODES 
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Consider  for  simplicity  that  the  fields  in  the  resonator  tt  frequency 
fn_^  consist  only  of  the  n"l  mode  plus  a  small  field  of  the  n*o  mode.  Since 
the  n*o  mode  is  off  resonance,  its  field  differs  in  phase  from  the  n«o  mode 
field  by  approximately  90*.  Tho  equivalent  circuit  of  Fig.  16-1  is  essentially 
an  inductor  for  frequencies  tbove  resonance,  so  the  n*o  mode  fields  will  lag 
the  excitation  by  about  90°.  Thus  the  resonator  field  consists  of 


2  2  2  2 

E  -  -jEoe“UoX  ±  Ej2u  xe~uox  (18-26) 

where  E  >>E  >0 
1  o 

and  4-  corresponds  to  probe  at  x>0 
-  corresponds  to  probe  at  x<0 


The  resulting  radiation  field  is  found  with  the  aid  of  Eq.  18-8,  giving 

V  <r  41-  --k2sin20/Au2  .  .  -k2sin20/4u2 

Erad«-JEQe  o  x  jEj^sinbe  o 


(18-27) 


where  4  has  been  assumed  zero 
+  is  for  the  probe  at  x>0 
-  is  for  the  probe  at  x<0 

Figure  18-3b  Illustrates  the  summation  of  these  n*o  and  n*l  patterns  to  form 
the  pattern  of  Eq.  18-27  with  the  -  sign,  corresponding  to  the  probe  at  x<0. 
Note  that  the  total  pattern  has  the  peak  at  0<O  of  a  higher  value  than  the 
peak  at  o>0.  A  sketch  of  Eq.  18-27  with  the  +  sign  would  give  the  higher 
peak  at  0<O. 

The  theoretical  predictions  of  Eq.  18-27  agree  qualitatively  with  the 
previous  experimental  graphs  of  Figs.  18-J  and  18-2.  That  is,  a  probe  at  x>0 
gives  a  maximum  peak  at  0<O,  and  a  probe  at  x<0  gives  a  maximum  at  0>O. 
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There  is  one  basic  disagreement  between  Eq.  18-27  (as  graphed  in  Fig. 

18-3b)  and  the  data  of  Figs.  18-1  and  18-2.  The  theoretical  graph  in  Fig. 

18-3b  has  value  zero  at  8a0*  whereas  the  experimental  curves  have  a  minimum 
of  only  -20  db.  The  explanation  is  that  Eq.  18-27  was  derived  using  two  as¬ 
sumptions  which  are  only  approximately  valid  here.  First,  only  the  radiation 
field  was  assumed  present,  whereas  the  measured  patterns  are  only  approximate¬ 
ly  in  che  radiation  field.  Thus  che  j  factor  contributed  by  Eq.  18-8  is  only 
approximately  valid.  Second,  Eq.  18-26  assumed  that  the  resonator  field  of 
the  n-o  mode  is  exactly  90*  out  of  phase,  which  is  not  quite  true.  Hence  the 
fact  that  the  experimental  patterns  do  not  have  a  perfect  null  seems  reason¬ 
able. 

Improvement  in  the  experimt-ntal  radiation  pattern  at  the  frequency  f  ^ 
was  sought.  One  thought  was  to  decrease  the  probe  depth  since  a  smaller 
probe  depth  would  raise  Q^.  Of  course  a  smaller  probe  depth  would  clso  re¬ 
sult  in  undercoupling  and  a  corresponding  reflection  of  some  of  the  incident 
power  at  the  resonator  input.  But  the  increase  in  QL  should  cause  less  excita¬ 
tion  of  the  neighboring  n**o  and  n«2  modes  and  hence  should  improve  the  radia¬ 
tion  pattern. 

The  experimental  procedure  consisted  of  decreasing  the  depth  of  the 
exciting  probe  at  x  ■  +2.34”  while  the  holes  at  x  ■  0  and  x  ■  -2.34”  were 
closed  with  bolts  flush  with  the  resonator  wall.  The  probe  depth  was  decreased 
until  the  reflection  coefficient  at  resonance  was  -4.3  db  as  listed  in  Table 
18-1.  The  i»i3ured  radiation  pattern  is  shown  in  Fig.  18-4.  Note  that  tie 
minimum  at  0  *  0  now  has  the  very  low  value  of  -34  dfc.  The  two  peaks  at 
8  •  *  5*  are  within  1,1.  db  of  each  other.  The  only  angular  range  for  which 
the  measured  pattern  deviates  significantly  from  theory  is  for  8<  -15*.  The 
measured  total  gain  compares  well  with  the  theoretical  gain  in  Table  18-1, 
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RELATIVE  RESPONSE 


theoretical 


experimental 


RADIATION  PATTERN  OF  ANTENNA  EXCITED  IN 
THE  n  =  1  MODE 
PROBE  UNDERCOUPLED 
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and  is  1.5  db  less  than  that  measured  at  critical  coupling.  In  conclusion, 
tne  radiation  pattern  of  this  antenna  is  better  than  the  patterns  of  Figs. 

18-1  and  18-2. 

b.  Excitation  of  n-1  Mode  by  Two  Probes 

Another  method  of  exciting  the  n*l  mode  is  to  use  two  probes,  one  at 

x  ■  +x  and  the  other  at  x  *  -x  ,  where  x  is  some  distance  from  x  ■  0.  If  the 
P  P  P 

probes  have  the  same  depth  and  are  fed  out  of  phase,  the  modes  for  n  odd  can 
be  excited  while  the  modes  for  n  even  should  not  be  excited.  The  180*  phase 
difference  between  the  excitations  of  the  two  probes  can  be  provided  by  a 
hybrid  or  "magic"  tee. 

The  excitation  circuit  is  shown  in  Fig.  18-5.  When  the  two  probes  are  at 
the  same  depth  then  the  reflection  coefficients  at  the  probes  are  equal.  A 
hybrid  tee  has  the  following  important  properties: 

1)  The  reflection  coefficient  at  the  input  port  4  is  one  half  of  the  sum 
of  the  reflection  coetficients  at  ports  1  and  2  (of  the  probes  in  this 
case)  for  a  matched  condition  at  port  3.  [p^n  ■  1/2  (pj+pj)] 

2)  The  power  absorbed  by  a  matched  load  at  port  3  is  proportional  to  the 
square  of  the  difference  between  the  reflection  coefficients  at  ports 
1  and  2.  (P3“‘(P1-P2)2] 

The  probe  depths  were  made  exactly  equal  by  using  the  following  procedure. 

Power  was  fed  into  port  4  of  the  hybrid  tee  using  the  reflectometer  setup  to  ob¬ 
serve  the  reflected  power  versus  frequency.  Tne  frequency  was  swept  from  fn-Q 
to  f  -  to  enable  observation  of  the  n«o,  1,  and  2  modes.  First  the  probes  were 
inserted  to  abcut  equal  depths  and  untii  the  n*i  mode  was  observed  to  be  approxi¬ 
mately  critically  coupled.  The  reflectometer  pattern  then  snowed  that  the  n*o 
and  2  modes  were  also  being  excited,  although  they  were  considerably  undercoupled. 
Next  the  power  at  port  3  was  minimized  by  adjusting  the  depth  of  just  one  of  the 
probes.  After  this  adjustment  the  nso  and  2  modes  had  disappeared  from  the 


283. 


284. 


ref lectoaieCer  pattern,  while  the  n*l  mode  was  critically  coupled.  Althouth  the 
power  at  port  3  was  not  zero,  it  was  22  db  below  the  input  power  to  port  4. 

The  radiation  pattern  at  frequency  fR_^  was  then  measured  mid  is  plotted  in 
Fig.  18-6.  The  minimum  at  6  ■  0*  is  -22.5  db  down,  which  is  somewhat  better 
than  the  -20  db  obtained  previously  with  one  critically  coupled  probe.  Recall, 
however,  that  -34  db  was  obtained  with  the  undercoupled  probe  as  shown  in  18-4. 
The  measured  total  gain  of  the  antenna  excited  by  two  probes  was  9  db  for  a 
ground  plane  extending  from  y  ■  -7/16”  to  +7/16".  Finally  the  two  probe  method 
produces  peaks  at  0=  ±5*  which  differ  by  only  0.6  db.  This  difference  is  smaller 
than  that  obtained  with  one  probe  and  shows  the  merit  of  the  two  probe  method  of 
excitation. 


XIX.  CONCLUSIONS  AND  RECOMMENDATIONS 

A  closed  microwave  resonator  was  developed  in  which  the  fields  are  rectangular 
beam  waveguide  modes.  The  resonator  was  transformed  into  an  antenna  by  making  one 
of  its  walls  partially  transparent. 

The  theory  of  the  rectangular  beam  waveguide  resonator  was  presented  in 
Section  XIV.  The  bean  modes  resonate  between  two  conducting  surfaces  which  are  sep¬ 
arated  by  it  radians  of  phase  shift.  The  modes  resonate  at  distinct  frequencies 
but  all  have  the  same  unloaded  Q.  The  excitation  of  the  various  modes  by  a  probe 
was  analyzed.  An  experimental  resonator  was  fabricated  as  described  in  section 
XV.  An  X  band  reflectometer  was  used  to  measure  its  resonant  frequencies,  Q's 
and  reflection  coefficients  at  resonance.  The  measured  values  agreed  very  well 
with  those  predicted  by  theory. 

The  rectangular  beam  waveguide  antenna  was  proposed  in  Section  XVI.  The 
theories  of  a  slot  and  of  a  row  of  holes  as  apertures  in  the  wall  of  the  resonator 
were  presented.  The  radiation  pattern  of  the  n*o  mode  of  an  antenna  of  infinite 
length  was  showu  to  be  a  Gaussian  beam.  Calculations  were  also  made  on  the  effect 
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FIG.  18-6  RADIATION  PATTERN  OF  ANTENNA  EXCITED  IN 

THE  n  =  1  MODE 
(TWO  PROBES) 


286. 


of  a  finite  antenna  length  on  the  radiation  pattern.  The  measurements  made  in 
Section  XVII  showed  that  a  sufficiently  narrow  slot  aperture  could  not  be  fabri¬ 
cated,  but  that  a  row  of  closely  spaced  circular  holes  produced  the  desired 
Gaussian  radiation  pattern.  The  measured  total  gain  was  found  to  be  12  db  in 
this  instance. 

The  n*l  mode  of  the  antenna  was  investigated  in  section  XVIII  because  of 
its  possible  application  to  monopulse  radar  and  tracking.  The  theoretical 
antisymmetric  radiation  pattern  of  this  mode  is  the  derivative  of  a  Gaussian. 

The  pattern  was  best  produced  experimentally  by  exciting  the  resonator-antenna 
with  either  one  undercoupled  probe  or  two  probes  fed  out  of  phase.  Experimental 
work  remains  to  be  done  in  testing  a  complete  monopulse  system  containing  this 
antenna. 

In  conclusion,  it  appears  that  the  rectangular  beam  waveguide  resonator-an¬ 
tenna  is  practical  and  has  several  desirable  features.  It  is  small  in  size, 
quite  easy  to  fabricate,  and  low  in  cost.  The  n*o  mode  radiation  pattern  is  a 
narrow  beam  Gaussian  with  the  sidelobes  down  more  than  30  db  from  the  peak.  The 
radiation  pattern  of  the  n»l  mode  is  the  derivative  of  a  Gaussian.  These  two 
radiation  patterns,  evidently  unobtainable  until  now,  are  an  ideal  pair  of  pat¬ 
terns  for  use  in  monopulse  radar  and  tracing. 


287. 


XX  SELECTED  BIBLIOGRAPHY 


Books 


Abramowltz,  M. ,  and  Stegun,  I.  (editors).  Handbook  of  Mathematical  Functions, 

National  Bureau  of  Standards,  U.  S.  Government  Printing  Office,  Wastiingi.on, 
D.  C.  ,  1965. 

Altman,  J.  L.  ,  Microwave  Circuits ,  D.  Van  Nostrand  Co.,  Princeton,  N.  J.,  1964. 

Atwater,  H.  A.  ,  Introduction  to  Microwave  Theory,  McGraw-Hill  Co.,  New  York, 

N.  Y.,  1962. 

Campbell,  G.  A.,  and  Foster,  R.  M. ,  Fourier  Integrals  for  Practical  Applications, 
D.  Van  Nostrand  Co.,  New  York,  N.  Y. ,  1948. 

Collin,  R.  E. ,  Field  Theory  of  Guided  Waves ,  McGraw-Hill  Book  Co.,  New  York, 

N.  Y. ,  1960. 

Collin,  R.  E. ,  Foundations  for  Microwave  Engineering .  McGraw-Hill  Book  Co.  ,  New 
York,  N.  Y.,  1966. 

Faddayeva,  V.  N.,  and  Terent'ev,  N.  M. ,  Tables  of  the  Probability  Integral  for 
Complex  Argument,  Pergaraon  Press,  New  York,  N.  Y. ,  1961. 

Ginzton,  E.  L.  ,  Microwave  Measurements,  McGraw-Hill  Book  Co.,  New  York,  N.  Y.  , 
1957.  . . .  . 

Goubau,  G. ,  Electromagnetic  Waveguides  and  Cavities.  Pergamon  Press,  New  York, 

N.  Y. ,  1961. 

Hansen,  R.  C.  ,  Microwave  Scanning  Antennas,  Vols.  I  and  II,  Academic  Press,  New 
York,  N.  Y.,  1964,  1966. 

Harrington,  R.  F. ,  Time-Harmonic  Electromagnetic  Fields ,  McGraw-Hill  Book  Co., 

New  York,  N.  Y. ,  1961. 

Jackson,  J.  D. ,  Classical  Electrodynamics,  John  Wiley  &  Sons,  New  York,  N.  Y. , 
1962.  . . 

Magnus,  W. ,  and  Oberhettinger ,  F. ,  Functions  of  Mathematical  Physics.  Chelsea 
Publishing  Co.,  Toronto,  Canada,  1949. 

Montgomery,  C.  G. ,  Techniques  of  Microwave  Measurements,  McGraw-Hill  Book  Co., 
New  York,  N.  Y. ,  1947. 

Powell,  J.  L. ,  and  Crase.iann,  B. ,  Quantum  Mechanics,  Addison-Wesley  Publishing 
Co. ,  Reading,  Mass. ,  1961. 

Rhodes,  D.  R. ,  Introduction  to  Monopulse,  McGraw-Hill  Book  Co.,  New  York,  N.  Y., 
1959. 


288. 


/  Z  -x2  -P2V2  /y  “X2 

Rosser,  J.  B. ,  Theory  and  Application  of  o  edx  and  o  c  v  J  dy  •  o  e  dx , 
Hap let on  House,  Brooklyn,  N.  Y. ,  1948. 

Skolnlk,  M.  I.,  Introduction  to  Radar  Systems,  McGraw-Hill  Book  Co.,  New  York, 

N.  Y.,  1962. 

Sucher,  M. ,  and  Fox.,  J.,  Handbook  of  Microwave  Measurements,  3rd  Ed.,  Vol.  II, 
Polytechnic  Press  of  the  Polytechnic  Institute  of  Brooklyn,  Brooklyn,  N.  Y. , 
1963. 

Periodicals  and  Papers 

Adams,  A.  T.,  "Flush  Mounted  Rectangular  Cavity  Slot  Antennas — Theory  and  Design," 
IRE  Trans,  on  Antennas  and  Propagation,  Vol.  AP-15,  May,  1967,  pp.  342-351. 

Bartlett,  H.  E. ,  and  Moseley,  R.  E.,  "Llelguides — Highly  Efficient  Low  Noise  An¬ 
tenna  Feeds,"  Microwave  Journal,  Vol.  9,  No.  12,  December,  1966,  pp.  53-58. 

Bethe,  H.  A.,  "Theory  of  Diffraction  by  Small  Holes,"  Physical  Review,  Vol.  66, 

Nos.  7  and  8,  October  1944,  pp.  163-182. 

Brown,  J.,  "A  Theoretical  Analysis  of  Some  Errors  in  Aerial  Measurements,  Proceed¬ 
ings  of  the  Institution  of  Electrical  Engineers,  Vol.  1050,  February,  1958, 
pp.  343-351. 

Dunn,  J.  H. ,  and  Howard,  D.  D. ,  "Precision  Tracking  with  Monopulse  Radar," 
Electronics,  Vol.  33,  No.  17,  April  22,  1960,  pp.  51-56. 

Goubau,  G.  ,  unpublished  notes  for  course  given  at  the  University  of  Wisconsin,  1962. 

Goubau,  G. ,  and  Schwering,  F. ,  "On  the  Guided  Propagation  of  Electromagnetic  Wave 
Beams,"  IKE  Trans,  on  Antennas  and  Propagation,  Vol.  AP-9,  May,  1961,  pp. 
248-256. 

Hannan,  P.  W. ,  "Optimum  Feed  for  All  Three  Modes  of  a  Monopulse  Antenna,"  IRE 

Trans,  on  Antennas  and  Propagation.  Vol.  AP-9,  September,  1961,  pp.  454-461. 

Jacobsen,  S.,  Andersen,  E. ,  and  Gronlund,  M. ,  "An  Antenna  Illuminated  by  a  Cavity 
Resonator, "  Proceedings  of  the  IEEE,  Vol.  51,  November,  1963,  pp.  1431-1435. 

Kay,  Alan  F. ,  "Near-Field  Gain  of  Aperture  Antennas,"  IRE  Trans,  on  Antennas  and 
Propagation,  Vol.  AP-8,  November,  1960,  pp.  586-593. 

Lee,  T.  C. ,  and  Zook,  J.  D. ,  "Light  Beam  Deflection  with  Electrooptic  Prisms," 

IEEE  Jou^al  of  Quantum  Electronics.  Vol.  QE-4,  July,  1968,  pp.  442-454, 

Lopez,  A.  R. ,  '"iocopulse  Networks  for  Series  Feeding  an  Array  Antenna,"  IEEE 
Trans,  on  Antennas  and  Propagation,  Vol.  AP-16,  July,  1968,  pp.  436-440. 

Miles,  J.  W. ,  "On  the  Diffraction  of  an  Electromagnetic  Wave  Through  a  Plane 
Screen."  Journal  Gf  Applied  Physics.  Vol.  20,  August,  1949,  pp.  760-771. 


289. 


Horse,  P.  M. ,  and  Rubensteln,  P.  J.,  "The  Diffraction  of  Waves  by  Ribbons  and 
Silts,"  Physical  Review,  Vol.  54,  December  1,  1938,  pp.  895-898. 

Pace,  R.  M. ,  "Monopulse  Radar,"  IRE  Convention  Record,  Vol.  3,  Part  3,  1955,  pp. 
132-134. 

Redllen,  H.  W. ,  Jr.,  "Monopulse  Operation  with  Continuously  Variable  Beamwldth 
by  Antenna  Defocuslng,"  IEEE  Trans,  on  Antennas  and  Propagation,  Vol.  AP-16, 
July  1968,  pp.  415-423. 

Ricardl,  L.  J.,  and  Niro,  L.,  "Design  of  a  Twelve-Horn  Monopulse  Feed,"  IRE 
International  Convention  Record,  Part  I,  1961,  pp.  49-56. 

Schwerlng,  F. ,  "Reiterative  Wave  Beams  of  Rectangular  Symmetry,"  Archly  dcr 
Elektrischen  Uebertragung .  Vol.  15,  December  1961,  pp.  555-564. 

Takeshina,  T.,  "A  Slot  Array  Antenna  for  Monopulse  Tracking  Radar,"  Microwave 
Journal.  Vol.  9,  No.  12,  December  1966,  pp.  63-65. 

Takeshlta,  S.,  "Realization  of  Optimum  Aperture  Illumination  by  Gaussian  Taper 
in  Small  Fresnel  Nmber,"  IRE  Trans,  on  Antennas  and  Propagation.  Vol.  AP-16, 
January  1968,  pp.  1929-130. 

Taylor,  T.  T. ,  "Design  of  Line-Source  Antennas  for  Narrow  Beamwldth  and  Low  Side 
Lobes,"  IRE  Trans,  on  Antennas  and  Propagation.  Vol.  AP3,  January  1955,  pp. 
16-28. 

Walker,  S.  H. ,  and  Osborn,  J.  D. ,  "Investigation  of  a  Nonamblguous  Monopulse  An¬ 
tenna,"  Microwave  Journal,  Vol.  10,  No.  13,  December  1967,  pp.  39-44. 

Wheeler,  H.  A.,  "Antenna  Beam  Patterns  Which  Retain  Shape  with  Defocuslng,"  IRE 
Trans,  on  Antennas  and  Propagation.  Vol.  AP-10,  September,  1962,  pp.  573-580. 


290. 


Unclassified _ 

_ Security  Classification _ _ 

DOCUMENT  CONTROL  DATA  -  R&D 


(Security  claaailication  j/  title,  body  ol  abetract  end  indexing  annotation  muet  be  entered  when  the  overeil  report  im  c  laeeilted) 


1  ORIGINATING  ACTIVITY  (Corporate  author} 

2a.  REPORT  SECURITY  CLASSIFICATION 

University  of  Wisconsin 

Department  of  Electrical  Engineering 

2b  CROUP 

Madison,  Wisconsin 

W  REPORT  TITLE 


Waveguide,  Waveguide  Circuit  and  Antenna  Research  Study 


4  DESCRIPTIVE  NOTES  (Type  ol  report  and  Inciuaive  datae) 

Final  Report  -  1  September  1964  to  31  January  1969 

5  AUTHORfSJ  (Laet  name,  li rat  name,  initial) 

Scheibe,  Elmer  H. 


6  REPO  RT  DATE 

February  28,  1969 

la  TOTAL  NO.  OF  PAGES 

290 

7b.  NO  OF  REFS 

81 

8  •  CONTRACT  OR  GRANT  NO. 

DA  36-039  AMC-02261  (E) 

b.  PROJECT  NO 

3A99-25-004 

c. 

d 

la.  ORIGINATOR'S  REPORT  NUMBER^; 

N/A 

9b.  OTHER  REPORT  NOfSj  (A  ny  other  numbere  that  may  be  aeeignad 
thie  report) 

EC0M-02261-F 

10  AV  A  IL  ABILITY/LIMITATION  NOTICES 

This  document  is  subject  to  special  export  controls  and  each  transmittal  to  for¬ 
eign  governments  or  foreign  nationals  may  be  made  only  with  prior  approval  of  the 
Commanding  General,  U.S.  Army  Electronics  Command,  Fort  Monmouth,  M.J. ,  AMSEL  XL-C 

11  SUPPLEMENTARY  NOTES 

12  SPONSORING  MILITARY  ACTIVITY 

N/A 

U.S.  Army  Electronics  Command 

Fort  Monmouth,  New  Jersey  07703 

13  ABSTRACT 

The  research  work  that  was  carried  out  under  this  contract  was  a  continuation  of, 
but  over  and  beyond,  the  studies  made  under  Contract  No.  DA-36-039-sc-85188.  This 
final  report  covers  the  period  from  September  1,  1964  to  January  31,  1969.  During 
this  period  three  distinct  studies  were  carried  out.  Two  of  these  studies  dealt 
with  topics  closely  related  to  the  beam  waveguide.  The  third  study  was  a  separate 
one  and  was  concerned  with  the  theory  and  design  of  a  new  type  of  filter  called  a 
cut-off  coupled  microwave  filter. 

Part  1  of  the  report  describes  the  general  study  made  of  beam  waveguide  resonators 
at  millimeter  wavelengths.  An  important  result  of  this  study  was  the  derivation 
of  the  equivalent  circuits  for  resonators  with  input  and  output  coupling.  An  ex¬ 
tensive  bibliography  on  guided  electromagnetic  wave  beams,  beam  waveguides,  beam 
waveguide  antennas,  beam  waveguide  resonators,  and  Fabry-Perot  resonators  is  in¬ 
cluded  in  Part  1  of  this  report. 

Part  2  of  tbie- repost  describes  a  new  type  of  waveguide  filter  called  a  cut-off 
coupled  microwave  filter.  The  theory,  design  and  febrication  of  these  filters  as 
well  as  the  measurements  made  on  them  is  described  in  some  detail. 

Pert  3  of  thi*  report  deals  with  two  general  applications  of  the  beam  waveguide  of 
rectangular  symmetry.  One  of  the  studies  was  concerned  with  the  rectangular  beam 
waveguide  resonator  and  the  other  with  a  rectangular  beam  waveguide  antenna  formed 
from  the  resonator. 

/ 1 


DD 


FORM 

1  JAN  M 


1473 


Unclassified 


Security  Classification 


Unclassified 

Security  Classification 


KEY  WOROS 


Antennas 
Beam  Waveguides 
Electromagnetic  Waves 
Filters 

Guided  Wave  Beams 

Microwaves 

Measurements 

Propagation 

Rescnators 

Waves 


INSTRUCTIONS 


1.  ORIGINATING  ACTIVITY:  Enter  the  name  and  addreas 
o'  the  contract  .r,  subcontractor,  grantee.  Department  of  De¬ 
fense  activity  or  other  organization  (corporate  author)  issuing 
the  report. 

2a.  REPORT  SECUIST7  CLASSIFICATION:  Enter  the  over¬ 
all  security  classifica.ioi.  of  the  report.  Indicate  whether 
"Restricted  Data"  is  l.-tciuoed,  Marking  is  to  be  in  accord¬ 
ance  with  appropriate  security  regulations. 

2b.  GROUP:  Automatic  downgrading  is  specified  in  DoD  Di¬ 
rective  S2”0. 10  and  Armed  Forces  Industrial  Manual.  Enter 
the  group  number.  Also,  when  applicable,  show  that  optional 
markings  have  ber  n  used  for  Group  3  and  Group  4  as  author¬ 
ised. 

3.  REPORT  TITLE:  Enter  the  complete  report  title  in  all 
capital  letters.  Tides  in  all  cases  rhould  be  unclassified. 

If  a  meaningful  title  cannot  be  selected  without  classifica¬ 
tion.  show  *iUe  classification  in  all  capitals  in  parenthesis 
immediat'  ly  allowing  the  title. 

4.  DESC IPTIVE  NOTES:  If  appropriate,  enter  the  type  of 
report,  e.g.,  interim,  progress,  summary,  annual,  or  f.nal. 

Give  the  inclusive  dates  when  a  specific  reporting  period  is 
covered. 

5.  AUTHOR(S):  Enter  the  namefs)  of  authoKs)  as  shown  on 
or  in  the  report.  Enter  last  name,  first  name,  middle  initial. 

If  military,  show  rank  and  branch  of  service.  The  name  of 
the  principal  author  is  an  absolute  minimum  requirement. 

6.  REPORT  DATE:  Enter  the  date  of  the  report  as  day, 
month,  year,  or  month,  year.  If  more  than  one  date  appears 
on  the  report,  use  date  of  publication. 

7a.  TOTAL  NUMBER  OF  PAGES:  The  total  page  count 
should  follow  normal  pagination  procedures,  i. e. ,  enter  the  i 
number  of  pages  containing  information. 

7b.  NUMBER  OF  REFERENCES:  Enter  the  total  number  of 
references  cited  in  the  report. 

8a.  CONTRACT  OR  GRANT  NUMBER:  If  appropriate,  enter  j 
the  applicable  number  of  the  contract  or  gram  under  which 
the  report  was  written.  I 

8b,  8c,  <k  8d.  PROJECT  NUMBER:  Enter  the  appropriate 
military  department  identification,  such  as  project  number, 
subproject  number,  system  numbers,  task  number,  etc. 

9a.  ORIGINATOR'S  REPORT  NUMBER(S):  Enter  the  offi¬ 
cial  report  number  by  which  the  document  will  be  identified 
and  controlled  by  the  originating  activity.  This  number  must 
be  unique  to  this  report. 

9b.  OTHER  REPORT  NUMBER(S):  If  the  report  has  been 
assigned  any  other  report  numbers  (either  by  the  originator 
or  by  the  sponsor),  also  enter  this  numberfs). 


10.  AVAILABILITY/LIMITATION  NOTICES:  Enter  any  lim¬ 
itations  on  further  dissemination  of  the  report,  other  than  those 
imposed  by  security  classification,  using  stanoard  statements 
such  as: 

(1)  "Qualified  requesters  may  obtain  copies  of  this 
report  from  DDC. '  * 

(2)  "Foreign  announcement  and  dissemination  of  this 
report  by  DDC  is  not  authorized." 

(3)  "U.  S.  Government  agencies  may  obtain  copies  of 
this  report  directly  from  DDC.  Other  qualified  DDC 
users  shall  request  through 


(4)  "U.  S.  military  agencies  may  obtain  copiea  of  Ulis 

report  directly  from  DDC.  Other  qualified  users 
shall  request  through 


(5)  “All  distribution  of  this  report  is  controlled.  Qual¬ 
ified  DDC  users  shall  request  through 


If  the  report  has  been  furnished  to  the  Office  of  Technical 
Services,  Department  of  Commerce,  for  sale  to  the  public,  indi¬ 
cate  this  fact  and  enter  the  price,  if  ’.mown. 

11.  SUPPLEMENTARY  NOTES:  Use  for  additional  explana¬ 
tory  notes. 

12.  SPONSORING  MILITARY  ACTIVITY:  Enter  the  name  of 
the  departmental  project  office  or  laboratory  aponioring  (pav¬ 
ing  lor)  the  research  and  development.  Include  address. 

13.  ABSTRACT:  Enter  an  abstract  giving  a  brief  and  factual 
summary  of  the  document  indicative  of  the  report,  even  though 
it  may  also  appear  elsewhere  in  the  body  of  the  technical  re¬ 
port.  If  additional  space  is  required,  a  continuation  sheet 
shall  be  attached. 

It  is  highly  desirable  that  the  abstract  of  classified  re- 
p„it»  be  unclassified.  Each  paragraph  of  ine  abstract  shall 
end  with  an  indication  of  the  military  security  classification 
of  the  information  in  the  paragraph,  represented  as  (775)  (S). 

(C).  or  (V). 

There  is  no  limitation  on  the  length  of  the  abstract.  How¬ 
ever.  the  suggested  length  is  from  150  to  225  words. 

14.  KEY  WORDS:  Key  words  are  technically  meaningful  terms 
or  short  phrases  that  characterize  a  report  and  may  be  used  as 
index  entries  for  cataloging  the  report.  Key  words  must  be 
selected  so  that  no  security  classification  is  required,  lden- 
fiers.  such  as  equipment  model  designation,  trade  name,  mili¬ 
tary  project  code  name,  geographic  location,  may  be  used  as 
Wev  words  but  will  he  followed  bv  an  indication  of  technical 
context.  The  assignment  of  links,  rules,  and  weights  is 
optional. 


Security  Classification 


